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Abstract
There has recently been great interest in time series with long memory,
namely series whose dependence decays slowly in the sense that
autocovariances are not summable and the spectral density is
unbounded. This concept has been extended to SCLM
(Seasonal/Cyclical Long Memory) where the dependence between
seasonal or cyclic observations decays similarly slowly. We discuss
issues related to SCLM processes such as modelling, estimation,
statistical inference, applications and extensions.
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4 LQWURGXFWLRQ
Orqj phpru| ri d fryduldqfh vwdwlrqdu| vhulhv {|/ w @ 3>	4>	5> ===/ pd| eh prghoohg lq
wkh iuhtxhqf| grpdlq e| wkh vshfwudo glvwulexwlrq ixqfwlrq/ I +,/ ru vshfwudo ghqvlw| i+, @
gI +,@g/ vdwlvi|lqj
 @
] Z
3Z
i+, frv+m,g +414,
zkhuh  @ H+{|H{f,+{|nH{f, lv wkh odj0m dxwrfryduldqfh ri {|1 Lq d vhplsdudphwulf vhwxs
i+, lv w|slfdoo| dvvxphg wr ehkdyh dv
i+,  Fmm32_ dv $ 3 +415,
zkhuh 3 ? F ?4 dqg wkh phpru| ru shuvlvwhqfh sdudphwhu/ g/ vdwlvhv g ? 4@5 iru vwdwlrqdulw|
dqg g A 4@5 iru lqyhuwlelolw|1 {| lv vdlg wr kdyh orqj phpru| li g A 3/ vkruw phpru| li g @ 3
dqg qhjdwlyh phpru| li g ? 31 Iru uhylhzv vhh Ehudq +4<<7d, ru Urelqvrq +4<<7f,1 Xqghu
dgglwlrqdo dvvxpswlrqv +vhh \rqj +4<:7,,
 Nm2_3 dv m $4> +416,
zkhuh N lv d srvlwlyh frqvwdqw zkhq 3 ? g ? 4@51 +BB, lpsolhv wkdw wkh dxwrfryduldqfhv ghfd|
dw d vorz k|shuerolf udwh udwkhu wkdq wkh h{srqhqwldo rqh w|slfdo ri vwdwlrqdu| DUPD surfhvvhv/
dqg wkh| duh hyhqwxdoo| srvlwlyh1
Pdq| wlph vhulhv pryh lq d uhjxodu ru txdvl0uhjxodu pdqqhu vkrzlqj d f|folfdo hyroxwlrq wkdw
surgxfhv rvfloodwlqj dxwrfruuhodwlrqv dqg shdnv lq wkh vshfwudo ghqvlw| zkrvh orfdwlrqv ghqh
wkh f|fohv/ d vshfwudo shdn dw iuhtxhqf| $ uh hfwlqj d f|foh ri shulrg 5@$1 D sduwlfxodu fdvh
rffxuv zkhq wkh vshfwudo ghqvlw| kdv shdnv dw vhdvrqdo iuhtxhqflhv $ @ 5k@v/ k @ 4> 5> ===> ^v@5‘/
zkhuh v lv wkh qxpehu ri revhuydwlrqv shu |hdu +v @ 7 iru txduwhuo| gdwd/ v @ 45 iru prqwko|
gdwd, dqg ^v@5‘ ghqrwhv wkh lqwhjhu sduw ri v@5/ wkdw lv v@5 li v lv hyhq dqg +v 4,@5 li v lv rgg1
Lq wklv fdvh zh vd| wkdw {| lv d vhdvrqdo surfhvv1 Qhuoryh +4<97, ghvfulehg vhdvrqdolw| dv wkdw
fkdudfwhulvwlf ri d wlph vhulhv wkdw jlyhv ulvh wr vshfwudo shdnv dw vhdvrqdo iuhtxhqflhv1 Lq wklv
vhqvh zh frqvlghu vhdvrqdolw| d vshfldo fdvh ri f|folfdo ehkdylrxu1
Lq wklv sdshu zh irfxv rq surfhvvhv zkrvh vshfwudo ghqvlw| kdv d vlqjxodulw| ru d }hur dw dq|
iuhtxhqf| $/ 3 ? $  / vxfk wkdw
i+$ . ,  Fmm32_ dv $ 3> mgm ? 4@5 +417,
zkhuh F lv d srvlwlyh frqvwdqw1 Wkxv i+, kdv d sroh dw  @ $ li g A 3 dqg d }hur li g ? 31
Zkhq i+, vdwlvhv +BB, iru hyhu| vhdvrqdo iuhtxhqf| $ @ $/ k @ 4> 5> ===> ^v@5‘/ srvvleo| zlwk wkh
phpru| sdudphwhu/ g/ ydu|lqj dfurvv k/ zh vd| wkdw wkh surfhvv kdv vhdvrqdo orqj phpru|1
Krzhyhu/ iru qrq0vhdvrqdo wlph vhulhv/ shukdsv ri dqqxdo gdwd/ zh fdq kdyh f|folf ehkdylrxu
vxfk wkdw +BB, krogv iru d vlqjoh $ ru iru d vlqjoh $ 5 +3> ‘ dv zhoo dv $ @ 31 Zh wkxv xvh wkh
whuplqrorj| VFOP +Vhdvrqdo2F|folfdo Orqj Phpru|, iru surfhvvhv vdwlvi|lqj +BB, iru rqh ru
pruh $ 5 +3> ‘ +wkrxjk vwulfwo| 4@5 ? g ? 3 hqwdlov qhjdwlyh ghshqghqfh/ qrw orqj phpru|,1
5
VFOP surfhvvhv pljkw eh ghvfulehg lq whupv ri wkhlu dxwrfryduldqfhv mxvw dv phqwlrqhg lq
+BB, iru vwdqgdug orqj phpru| surfhvvhv1 D fkdudfwhulvwlf ri dxwrfryduldqfhv ri VFOP surfhvvhv
lv rvfloodwlqj vorz ghfd| vxfk wkdw riwhq  @ R+m2_3, dv m $ 4 exw zlwk rvfloodwlrqv zkrvh
dpsolwxgh ghshqgv rq $ lqvwhdg ri wkh hyhqwxdo prqrwrqlf ghfd| lq +BB, ri vwdqgdug orqj
phpru| surfhvvhv dw iuhtxhqf| }hur 1
Wkh prghov wudglwlrqdoo| xvhg iru vhdvrqdo dqg f|folfdo wlph vhulhv duh vwdwlrqdu| vkruw
phpru| surfhvvhv rq wkh rqh kdqg/ ru qrqvwdwlrqdu| surfhvvhv gxh wr d ghwhuplqlvwlf frpsrqhqw
vxfk dv vhdvrqdo gxpplhv ru wr d vwrfkdvwlf wuhqg vxfk dv vhdvrqdo xqlw urrwv1 Wklv zrun lv
uhylhzhg lq Vhfwlrq 5 lq rughu wr sodfh VFOP lq vrph shuvshfwlyh1 Wkh prghoolqj ri VFOP lv
ghvfulehg lq pruh ghwdlo lq Vhfwlrq 61 Vhfwlrq 7 glvfxvvhv vhyhudo sdudphwulf dqg vhplsdudphwulf
phwkrgv ri hvwlpdwlrq lq VFOP surfhvvhv1 Whvwv ri vhdvrqdo lqwhjudwlrq dqg frlqwhjudwlrq duh
uhylhzhg lq Vhfwlrq 81 Doo wklv zrun dvvxphv nqrzohgjh ri wkh orfdwlrq ri wkh srohv2}hurv lq
i+,/ dv lv uhdvrqdeoh lq d vhdvrqdo vhwwlqj/ exw qrw qhfhvvdu| lq d f|folf rqh1 Vhfwlrq 9 ghvfulehv
dssurdfkhv iru hvwlpdwlqj $ lq sdudphwulf dqg vhplsdudphwulf VFOP surfhvvhv1 Vhfwlrq :
frqfoxghv wkh sdshu zlwk vrph phqwlrq ri h{whqvlrqv dqg dssolfdwlrqv1
5 PRGHOOLQJ VHDVRQDOLW\ DQG F\FOHV
Vhdvrqdolw| kdv wudglwlrqdoo| ehhq frqvlghuhg d qxlvdqfh wkdw revfxuh wkh pruh lpsruwdqw
frpsrqhqwv ri wlph vhulhv +h1j1 jurzwk dqg f|folfdo frpsrqhqwv,/ dqg vhyhudo vhdvrqdo dgmxvwphqw
surfhgxuhv kdyh ehhq sursrvhg1 Wkh| duh w|slfdoo| edvhg rq wkh lghd wkdw d wlph vhulhv/ srvvleo|
diwhu orjdulwkplf wudqvirupdwlrq/ lv dgglwlyho| frpsrvhg ri wkuhh glhuhqw frpsrqhqwv/ wkh
wuhqg0f|foh/ W|/ wkh vhdvrqdo/ V|/ dqg wkh luuhjxodu frpsrqhqw/ L|/
{| @ W| . V| . L|= +514,
Wudglwlrqdoo| W| lqfoxghv dovr wkh srvvlelolw| ri d f|folfdo frpsrqhqw/ frqvlghulqj wkh f|foh dv d
shulrglf frpsrqhqw zlwk shulrg odujhu wkdq wkh qxpehu ri revhuydwlrqv shu |hdu1 Wklv lpsolhv
d vshfwudo shdn dw vrph iuhtxhqf| ehwzhhq }hur dqg 5@v zklfk pd| eh lqglvwlqjxlvkdeoh iurp
d vwrfkdvwlf wuhqg/ fkdudfwhul}hg e| d vshfwudo sroh dw wkh ruljlq1 Krzhyhu/ wkhuh pd| eh f|fohv
ri shulrg glhuhqw iurp wkh vhdvrqdo rqhv/ v@m/ iru m @ 4> 5> ===> ^v@5‘1 Wr doorz iru wklv ehkdylrxu
zh fdq lqfoxgh d f|folf frpsrqhqw/ F|/ lq +BB,/
{| @ W| .F| . V| . L|= +515,
Wkh dgglwlyh irup lq +BB, dqg +BB, lv riwhq nqrzq dv Xqrevhuyhg Frpsrqhqw +XF, ru Vwuxfwxudo
Wlph Vhulhv prgho1 Wkh vhdvrqdoo| dgmxvwhg vhulhv lv rewdlqhg e| vxewudfwlqj dq hvwlpdwh ri V|1
Zh jurxs wkh glhuhqw phwkrgv ri hvwlpdwlrq ri V| dqg dgmxvwphqw ri {| lq wzr fodvvhv/ prgho0
iuhh dqg prgho0edvhg dgmxvwlqj surfhgxuhv1 Wkh prgho0iuhh whfkqltxhv ljqruh wkh vhdvrqdo
dqg rwkhu vwuxfwxuh ri wkh vhulhv1 Wkh| duh edvhg rq wkh dssolfdwlrq ri d vxffhvvlrq ri prylqj
dyhudjhv/ shukdsv wkh prvw zlgho| xvhg ehlqj wkh XV Exuhdx ri wkh Fhqvxv [044 surfhgxuh
6
+Vklvnlq hw do1 +4<9:,, dqg wkh [044 DULPD +Gdjxp +4<;3,, zklfk dsso| wzr0vlghg owhuv1
Wkh prgho0edvhg vhdvrqdo dgmxvwphqw surfhgxuhv dgdsw wr wkh fkdudfwhulvwlfv ri hdfk vhulhv
e| hvwlpdwlrq ri sdudphwulf prghov1 Vrph ri wkhvh prghov duh ghvfulehg ehorz1
Vhdvrqdo dgmxvwphqw surfhgxuhv kdyh ehhq fulwlfl}hg iru fdxvlqj xqghvludeoh hhfwv vxfk dv
vshfwudo glsv dw vhdvrqdo iuhtxhqflhv ru glvwruwlrq ri wkh vshfwudo ghqvlw| dw rwkhu iuhtxhqflhv
+vhh Qhuoryh +4<97, ru Ehoo dqg Kloophu +4<;7,,1 Ixuwkhupruh/ wkh XF prghov lq +BB, dqg
+BB, vxssrvh wkdw hdfk frpsrqhqw lq {| fdq eh vshflhg vhsdudwho| dqg lqghshqghqwo| ri wkh
uhpdlqghu/ zkhuhdv wkh vdph prgho fdq lqfoxgh wzr ru pruh frpsrqhqwv +iru h{dpsoh wkh
vwrfkdvwlf vhdvrqdo surfhvvhv fodvvlhg dv e,/ f, dqg g, ehorz lqfoxgh dq luuhjxodu frpsrqhqw,1
Vxfk idfwruv kdyh hqfrxudjhg wkh xvh ri vhdvrqdoo| xqdgmxvwhg gdwd1
Prvw ri wkh surfhvvhv ghvfulehg lq wklv vhfwlrq duh vhdvrqdo/ prghoolqj d vshflf f|folfdo
ehkdylrxu1 Krzhyhu/ rwkhu f|folf sdwwhuqv fdq eh prghoohg vlploduo| e| vxlwdeo| fkrrvlqj wkh
gxpp| yduldeohv/ frvlqxvrlgv ru odj rshudwruv lq wkh prghov ghvfulehg ehorz1
Rqh ri wkh hduolhvw prghov iru vhdvrqdolw| lv wkh ghwhuplqlvwlf/ vwulfwo| shulrglf irup
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zkhuh G&| @ 4 li w n lv d pxowlsoh ri v +wkh qxpehu ri revhuydwlrqv shu |hdu, dqg 3 rwkhuzlvh
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zklfk pd| eh dfklhyhg e| vxewudfwlqj d frqvwdqw iurp wkh ruljlqdo vhulhv1 Zh fdq uhzulwh +BB,
dv d ixqfwlrq ri vlqh dqg frvlqh zdyhv/
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+vhh Kdqqdq +4<96,,1 {| lq +BB, fdq htxlydohqwo| eh zulwwhq {| @
Sdr*2o
' u frv+$w , zkhuh
u @
t
2 . 
2
 lv wkh k0wk dpsolwxgh dqg  @ dufwdq+@, lv wkh k0wk skdvh1 Lw lv uduho|
sodxvleoh wkdw wlph vhulhv kdyh vxfk d uljlg ghwhuplqlvwlf ehkdylrxu dv +BB, ru +BB, lpsrvh/ vr
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d vwrfkdvwlf huuru whup lv riwhq dgghg1 Li wklv luuhjxodu frpsrqhqw lv zhoo ehkdyhg dqg wkh
iuhtxhqflhv $ duh nqrzq/ wkhq  dqg  lq +BB, ru d& lq +BB, fdq eh hvwlpdwhg wkurxjk vlpsoh
uhjuhvvlrq phwkrgv1 Lq idfw ohdvw vtxduhv hvwlpdwhv kdyh ghvludeoh ruwkrjrqdolw| surshuwlhv xqghu
xqfruuhodwhg huuruv/ dqg duh Jdxvv0Pdunry h!flhqw xqghu txlwh jhqhudo +doehlw vkruw phpru|,
dxwrfruuhodwhg huuruv1
Wkh surfhvvhv +BB, dqg +BB, duh frpsohwho| ghwhuplqlvwlf/ dqg li /  duh {hg sdudphwhuv
wkh| duh qrq0vwdwlrqdu| vr wkdw lw grhv qrw pdnh vhqvh wr vshdn ri d vshfwudo glvwulexwlrq ixqfwlrq
ru vshfwudo ghqvlw|1 Krzhyhu wkh vshfwudo ehkdylrxu ri vwrfkdvwlf vhdvrqdo wlph vhulhv zloo jlyh xv
uhohydqw lqirupdwlrq rq wkh fkdudfwhulvwlfv ri wkh surfhvv1 Dffruglqj wr vshfwudo fkdudfwhulvwlfv
zh glvwlqjxlvk irxu fodvvhv ri vwrfkdvwlf vhdvrqdo2f|folfdo surfhvvhv=
d, Vwdwlrqdu| zlwk vshfwudo glvwulexwlrq ixqfwlrq zlwk mxpsv dqg wkxv qrw devroxwho| frqwlqxrxv1
e, Vwdwlrqdu| zlwk devroxwho| frqwlqxrxv vshfwudo glvwulexwlrq ixqfwlrq hyhu|zkhuh dqg vprrwk/
srvlwlyh/ vshfwudo ghqvlw|1
f, Vwdwlrqdu| zlwk devroxwho| frqwlqxrxv vshfwudo glvwulexwlrq ixqfwlrq exw vshfwudo ghqvlw| zlwk
rqh ru pruh vlqjxodulwlhv ru }hurv1
g, Qrq0vwdwlrqdu| vr wkdw qr vshfwudo glvwulexwlrq ixqfwlrq h{lvwv1
d, Vwdwlrqdu| surfhvv zlwk mxpslqj vshfwudo glvwulexwlrq1 Wklv nlqg ri surfhvv lv ghqhg
e| +BB, dqg +BB, exw c| lv pdgh vwrfkdvwlf e| doorzlqj  dqg  wr eh udqgrp yduldeohv
vdwlvi|lqj
H^‘ @ H^‘ @ 3 > H^
2
‘ @ H^
2
‘ @ 
2
 iru doo k
H^‘ @ H^‘ @ 3 k 9@ l > H^‘ @ 3 iru doo k> l= +519,
Xqghu +BB,/ {| lv fryduldqfh vwdwlrqdu| zlwk odj0m dxwrfryduldqfh
 @ H+{|{|3, @
d r
2
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'
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frv+m,gI +, m @ 3>	4=== 1
Dowkrxjk  dqg  duh udqgrp yduldeohv/ wkh| duh {hg lq d sduwlfxodu uhdol}dwlrq1 Wkxv/
dowkrxjk c| lv vwdwlrqdu|/ wkh prgho lv vwloo ghwhuplqlvwlf/ rqo| wzr revhuydwlrqv duh qhfhvvdu|
wr ghwhuplqh  dqg / dqg rqfh wklv kdv ehhq grqh wkh uhpdlqghu ri wkh vhulhv fdq eh iruhfdvw
zlwk }hur phdq vtxduhg huuru1 Wkh vshfwudo glvwulexwlrq ixqfwlrq/ I +,/ lv d vwhs ixqfwlrq
frqvlvwlqj ri mxpsv ri pdjqlwxgh 2@5 dw iuhtxhqflhv $ dqg $/ iru k @ 4> ===> ^v@5‘1 Vlqfh
I +, lv qrw frqwlqxrxv wkh vshfwudo ghqvlw| grhv qrw h{lvw1 Krzhyhu/ lq d vlplodu pdqqhu dv
Vwlhowmhv lqwhjudwlrq lv fduulhg rxw/ zh fdq ghqh wkh vr0fdoohg olqh ru glvfuhwh vshfwuxp/ wkdw lv
d glvfuhwh ixqfwlrq zlwk ydoxhv 2@5 dw iuhtxhqflhv $ dqg $ iru k @ 4> ===> ^v@5‘1 Wkh olqh
vshfwuxp dw $ jlyhv wkh uhodwlyh lpsruwdqfh ri d f|foh ri shulrg v@k lq wkh yduldqfh ri {|1
e, Vwdwlrqdu| surfhvv zlwk devroxwho| frqwlqxrxv vshfwudo glvwulexwlrq dqg vprrwk vshfwudo
ghqvlw|1 Wkh prghov lq +BB, dqg +BB, dvvxph wkdw wkh f|folf ehkdylrxu lq {| lv frqvwdqw dfurvv
wlph dqg grhv qrw fkdqjh lwv irup1 Krzhyhu/ lq pdq| wlph vhulhv wkh vhdvrqdo2f|folfdo ehkdylrxu
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lv olnho| wr fkdqjh dfurvv wlph1 Ri frxuvh wkh yduldwlrq pxvw eh vorz +rwkhuzlvh zh fdqqrw vshdn
ri vhdvrqdolw| ru f|foh, lq vxfk d zd| wkdw wkh shulrglfdo vwuxfwxuh vhhpv wr shuvlvw dqg wkh vhulhv
kdv d txdvl0shulrglf ehkdylrxu1 Kdqqdq +4<97, doorzv iru wklv ehkdylrxu lq wkh prgho
{| @
d r
2
o[
'
c| > c| @ c| frv+$w, . c| vlq+$w,> +51:,
zkhuh $ @ 5k@v duh vhdvrqdo iuhtxhqflhv dqg c| dqg c| duh qrw frqvwdqw exw hyroylqj zlwk
wlph1 Kdqqdq +4<97, dvvxphg
H^c|‘ @ H^c|‘ @ 3 iru doo k dqg doo w
H^c|c|3‘ @ H^c|c|3‘ @ f


H^c|cr‘ @ H^c|cr‘ @ 3 iru k 9@ l dqg doo w> v
H^c|cr‘ @ 3 iru doo k> l dqg doo w> v=
+51;,
Wkxv wkh odj0m dxwrfryduldqfh ri c| lv
H^c|c|3‘ @ f

 frv+$m,= +51<,
Vwdwlrqdulw| ri c| hqwdlov mm ? 41 Krzhyhu/  kdv wr eh forvh wr 4 wr dyrlg d idvw fkdqjlqj
ehkdylrxu ri c|1 Zkhq mm ? 4/ c| lv vwdwlrqdu| dqg qrq ghwhuplqlvwlf zlwk devroxwho|
frqwlqxrxv vshfwudo glvwulexwlrq dqg vprrwk vshfwudo ghqvlw|/
i+, @
f
5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'3"
 frv+$m, frv+m,
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2
4 . 2  5 frv+ $,
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4 . 2  5 frv+. $,
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+5143,
zklfk/ iru  qhdu wr xqlw|/ zloo frqfhqwudwh durxqg  @ $1 Kdqqdq hw do1 +4<:3, frqvlghuhg d
sdudphwhul}dwlrq ri c| dqg c| reh|lqj +BB,/
c| @ c|3 . %c| > c| @ c|3 . %
_
c| > mm ? 4> +5144,
zkhuh %c| dqg %
_
c| kdyh }hur phdq dqg frpprq yduldqfh 
2
/ dqg doo fruuhodwlrqv ehwzhhq %/ %
_
dqg ehwzhhq wzr wlph srlqwv dqg iru glhulqj ydoxhv ri k ydqlvk1 Vxevwlwxwlqj +BB, lq c| lq
+BB,/ zh qg wkdw c| lv dq DUPD+5/4, surfhvv
+4 5 frv+$,O. 2O2,c| @ c|   frv+$,c|3   vlq+$,_c|3 > +5145,
zkhuh
c| @ %c| frv+$w, . %
_
c| vlq+$w,
_c| @ %c| vlq+$w, %_c| frv+$w,
duh wkxv }hur phdq udqgrp yduldeohv zlwk yduldqfh 2 dqg lqkhulw wkh xqfruuhodwhgqhvv surshuwlhv
ri %c| dqg %
_
c|1 Wkh odj0m dxwrfryduldqfh dqg vshfwudo ghqvlw| ri c| duh +BB, dqg +BB, zlwk
f @ 
2
@+4 2,1 Frqvhtxhqwo| wkh vshfwuxp ri {| lv d vprrwk ixqfwlrq
i+, @
d r
2
o[
'
i+, +5146,
9
zklfk vkrzv shdnv +wkh vkdushu wkh forvhu  lv wr 4, durxqg vhdvrqdo iuhtxhqflhv $/ k @
4> 5> ===> ^v@5‘1
Lq dgglwlrq wr wkh vshflf DUPD lq +BB, zh fdq xvh pdq| rwkhu DUPD surfhvvhv wr prgho d
fkdqjlqj f|folfdo ehkdylrxu1 Lq sduwlfxodu/ li wkh vshfwuxp ri dq DU+5,/ +4!O!2O2,{| @ %|/
frqwdlqv d shdn dw iuhtxhqf| W zlwklq wkh udqjh 3 ? W ? / lwv h{dfw srvlwlrq lv
W @ frv3
!+4 !2,
7!2

=
Iru h{dpsoh wkh vshfwuxp ri wkh DU sduw lq +BB, kdv d shdn dw
W @ frv3
%
+4 . 2, frv$
5
&
vr wkdw W lv forvhu wr $ wkh forvhu  lv wr 41 Zh fdq dovr xvh wkh vhdvrqdo odj rshudwru/ Or/
+Or{| @ {|3r, wr ghqh wkh vhdvrqdo DUPD+4/4, prgho
+4 !rOr,{| @ +4 . rOr,%| +5147,
zkhuh %| lv zklwh qrlvh zlwk yduldqfh 21 Zkhq !r dqg r duh lqvlgh wkh xqlw flufoh/ {| lv
vwdwlrqdu| dqg lqyhuwleoh zlwk vprrwk vshfwudo ghqvlw|
i+, @
2
5
4 . 2r . 5r frv+v,
4 . !2r  5!r frv+v,
=
Li !r A 3 dqg r A 3/ i+, h{klelwv shdnv dw wkh vhdvrqdo kduprqlf iuhtxhqflhv/ $ @ 5k@v/
k @ 4> 5> ===> ^v@5‘/ dv zhoo dv dw }hur1 Pruh jhqhudo vhdvrqdo DUPD surfhvvhv fdq eh ghqhg dv
r+O
r,{| @ r+O
r,%| +5148,
zkhuh r+Or, dqg r+Or, duh sro|qrpldov lq wkh vhdvrqdo odj rshudwru zlwk }hurv rxwvlgh wkh
xqlw flufoh +vhh Er{ dqg Mhqnlqv +4<:9,,1
f, Vwdwlrqdu| surfhvv zlwk devroxwho| frqwlqxrxv vshfwudo glvwulexwlrq dqg vlqjxodulwlhv ru
}hurv lq lwv vshfwudo ghqvlw|1 Wkh vwuxfwxuh ri  dqg  lq +BB, pd| jhqhudwh d uhodwlyho| udslg
fkdqjh lq wkh vhdvrqdo sdwwhuq/ zkhuhdv wkh ghqlwlrq ri vhdvrqdolw| lpsolhv d uhjxodu ru txdvl0
uhjxodu ehkdylrxu1 Wkh forvhu  lv wr 4 wkh pruh uhjxodu wkh pryhphqw ri c|1 Lq idfw zh fdq
fkrrvh  @ 4/ exw lq wklv fdvh c| fhdvhv wr eh vwdwlrqdu|1 Lqvwhdg zh fdq dvvxph wkdw c|
dqg c| hyroyh dv
+4 O,_c| @ %c| > +4 O,_c| @ %_c| > +5149,
zkhuh %c| dqg %
_
c| duh ghqhg dv lq +BB,1 Wkxv c| dqg c| duh iudfwlrqdo DULPD+3/g/3,
surfhvvhv dqg wkh| duh vwdwlrqdu| li g ? 4@5 dqg lqyhuwleoh li g A 4@5 +vhh Krvnlqj +4<;4,,1
Wkh vorzo| fkdqjlqj ehkdylrxu qhfhvvdu| iru vhdvrqdolw| uhtxluhv g A 3 dqg vwdwlrqdulw| hqwdlov
g ? 4@51 Xqghu wkhvh flufxpvwdqfhv wkh vshfwudo ghqvlw| ri c| dqg c|/ if+,/ vdwlvhv +BB,
iru $ @ 31 Wkhlu odj0m dxwrfryduldqfh lv
_c @ H^c|c|3 ‘ @ H^c|c|3 ‘ @ 
2

+4 5g,+m . g,
+g,+4 g,+m . 4 g, =
:
Wkxv wkh odj0m dxwrfryduldqfh ri c| lv
H^c|c|3 ‘ @ 
_
c frv+m$,
dqg lwv vshfwudo ghqvlw| lv
i+, @
4
5
"[
'3"
_c frv+m$,h
3b @
4
7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'3"
_ch
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4
5
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Wkh pxowlsolfdwlrq ri c| e| frv+$w, dqg c| e| vlq+$w, surgxfhv d skdvh vkliw vxfk wkdw
wkh vshfwudo sroh pryhv iurp }hur lq c| dqg c| wr $ lq c|1 Wkxv/ wkh surfhvv ghqhg
e| htxdwlrqv +BB, dqg +BB, kdv dq devroxwho| frqwlqxrxv vshfwudo glvwulexwlrq exw lwv vshfwudo
ghqvlw| lv qrw vprrwk/ exw jrhv wr 4 +li g A 3, ru lv }hur +li g ? 3,/ dw iuhtxhqflhv 	$
dv ghvfulehg lq +BB,1 Wklv lv wkh VFOP surshuw| wkdw fkdudfwhul}hv wkh surfhvvhv zh irfxv
dwwhqwlrq rq lq wklv sdshu1 D pruh ghwdlohg ghvfulswlrq ri prghov zlwk wklv surshuw| lv jlyhq lq
qh{w vhfwlrq1
g, Qrq0vwdwlrqdu| dqg qrq0ghwhuplqlvwlf vwrfkdvwlf vhdvrqdo surfhvv1 Li c| dqg c| duh
ghwhuplqhg e| wkh iudfwlrqdo DULPDv lq +BB, exw zlwk g  4@5/ wkhq wkh|/ dqg wkxvc| lq +BB,/
duh qrq0vwdwlrqdu|1 Lq wklv fdvh wkhuh grhv qrw h{lvw d vshfwudo glvwulexwlrq1 Qhyhuwkhohvv/ wkh
iuhtxhqf| grpdlq lv vwloo dq dghtxdwh iudphzrun wr ghwhfw vhdvrqdolw| xvlqj wkh svhxgrvshfwuxp1
Li x| @ +O,{| lv vwdwlrqdu| zlwk vshfwuxp i+,/ wkh svhxgrvshfwuxp ri {| lv i+, @ m+hb,m32i+,1
Iru h{dpsoh/ li g @ 4 lq +BB, ru htxlydohqwo|  @ 4 lq +BB,/ wkhq c| lv d qrq0vwdwlrqdu|
DUPD+5/4, surfhvv
+O,c| @ c|  frv+$,c|3  vlq+$,_c|3
zkhuh +O, @ 4  5 frv+$,O . O21 Wkh qrq0vwdwlrqdulw| frphv iurp wkh idfw wkdw wkh DU
sro|qrpldo/ +O,/ kdv }hurv dw frv$ 	
s
frv2 $  4/ zlwk prgxoxv rqh1 Krzhyhu +O,c|
lv d vwdwlrqdu| PD+4,1 Vlqfh m+hb,m32 @ +5+frv$  frv,,32 glyhujhv dw  @ 	$/ wkhq wkh
svhxgrvshfwuxp ri c| jrhv wr lqqlw| dw iuhtxhqflhv 	$/ uh hfwlqj d vwurqj f|folfdo sdwwhuq
zlwk shulrg 5@$ @ v@k1 Kdqqdq hw do1 +4<:3, hvwlpdwhg wklv prgho xvlqj rswlpdo vljqdo
h{wudfwlrq phwkrgv +vhh dovr Kdqqdq +4<9:,,1
Lq wkh Er{0Mhqnlqv iudphzrun zh fdq ghqh wkh vhdvrqdo DULPD+S/G/T, wlph vhulhv
r+O
r,+4 Or,({| @ r+Or,%| +514:,
zkhuh wkh %| duh zklwh qrlvh +3> 2,/ r+Or, dqg r+Or, duh sro|qrpldov lq wkh odj rshudwru
zlwk }hurv rxwvlgh wkh xqlw flufoh/ dqg G lv d srvlwlyh lqwhjhu lq Er{ dqg Mhqnlqv +4<:9,
exw frxog lqvwhdg eh iudfwlrqdo +Krvnlqj +4<;7,,1 Wkhq +BB, ghqhv wkh iudfwlrqdo vhdvrqdo
DULPD+S/G/T,/ wkdw lv vwdwlrqdu| li G ? 4@5 dqg qrq0vwdwlrqdu| li G  4@51 Wkh vshfwuxp
+G ? 4@5, ru svhxgrvshfwuxp +li G  4@5, ri {| lv
i+, @
2
5
mr+hbr,m2
mr+hbr,m2

5 vlq
v
5
32(
+514;,
;
dqg glyhujhv li G A 3 ru lv }hur li G ? 3 dw iuhtxhqflhv $ @ 5k@v/ k @ 3> ===> ^v@5‘/ wkdw
lv dw wkh ruljlq dqg vhdvrqdo iuhtxhqflhv1 Wkh vhdvrqdo glhuhqfh rshudwru/ +4  Or,/ fdq eh
zulwwhq dv wkh surgxfw ri wkh glhuhqfh rshudwru/ +4O,/ dqg wkh vhdvrqdo vxppdwlrq rshudwru/
V+O, @ +4.O. ===.Or3,/ vxfk wkdw wkh sroh lq +BB, dw wkh ruljlq fruuhvsrqgv wr wkh rshudwru
+4O,/ dqg wkh vshfwudo srohv dw vhdvrqdo iuhtxhqflhv duh gxh wr V+O,1 Wkxv +4Or, lqfoxghv d
vwrfkdvwlf wuhqg lq dgglwlrq wr wkh vhdvrqdo idfwru1 Wklv lv zk| vrphwlphv +h1j1 Kduyh| +4<;<,,/
V+O, lv xvhg lqvwhdg ri +4Or, wr prgho wkh vhdvrqdo frpsrqhqw ri wkh XF prghov lq +BB, dqg
+BB,1
Dqrwkhu w|sh ri qrq0vwdwlrqdulw| pd| eh ghvfulehg e| d glhuhqw gdwd jhqhudwlqj surfhvv
iru hdfk vhdvrq1 Wklv skhqrphqrq lv riwhq prghoohg yld wkh Shulrglf DULPD surfhvv +h1j1
Wurxwpdq +4<:<,/ Wldr dqg Juxsh +4<;3,/ Rveruq +4<<4,/ Iudqvhv dqg Rrpv +4<<8,,/
^+O,+4 Or,_^{^A @ ^+O,%^A t @ 4> ===> v> W @ 4> 5> ===> +514<,
zkhuh %^A lv zklwh qrlvh zlwk yduldqfh 
2
^ / wkh lqgh{ t lqglfdwhv wkh vhdvrq ru vlwxdwlrq ri wkh
revhuydwlrq lq wkh f|foh +iru h{dpsoh glhuhqw prqwkv, dqg W uhsuhvhqwv wkh |hdu vxfk wkdw
{^A @ {EA3rn^1 Wkxv/ +BB, doorzv iru v glhuhqw prghov/ rqh shu vhdvrq1 Zkhq wkh }hurv ri
^+O, dqg ^+O, olh rxwvlgh wkh xqlw flufoh/ dqg g^ ? 4@5/ wkhq +BB, lv vwdwlrqdu| iru hyhu|
t @ 4> 5> ===> v1 Dowkrxjk {^| pd| eh vwdwlrqdu|/ {| lv qrq0vwdwlrqdu| li vrph sdudphwhuv ydu|
zlwk t1 Lq wklv fdvh wkh dxwrfryduldqfhv ri {| ghshqg rq t dqg wkhuhiruh duh qrw wlph lqyduldqw
dqg zh fdqqrw xvh iuhtxhqf| grpdlq whfkqltxhv1 Wklv nlqg ri surfhvv lv xvxdoo| dqdo|vhg lq
d pxowlyduldwh vhw0xs xvlqj d yhfwru DUPD uhsuhvhqwdwlrq1 Ghqh wkh v  4 yhfwru }A @
+{A > ===> {
r
A ,
 @ +{EA3rn> ===> {Ar,
1 Wkh shulrglf surfhvv lq +BB, fdq eh zulwwhq lq yhfwru DUPD
irup dv
D+OW,F+OW,}A @ E+O
W,xA W @ 4> 5> ===> +5153,
zkhuh xA @ +%A > ===> %
^
A ,
/ F+OW, @ gldji+4  OW,_^j/ D+OW, dqg E+OW, duh pdwul{ sro|qrpldov
lq OW/ dqg wkh rshudwru OW lv wkh odj rshudwru iru wkh lqgh{ W / OW}A @ }A31 Wklv lpsolhv
vhdvrqdo glhuhqfh lq wkh hohphqwv ri }A / OW{
^
A @ O
r{EA3rn^ @ {EA32rn^ @ {
^
A31 Wkh yhfwru
}A lv vwdwlrqdu| li g^ ? 4@5 iru t @ 4> ===> v/ dqg mD+},m kdv }hurv rxwvlgh wkh xqlw flufoh/ dqg lv
lqyhuwleoh li g^ A 4@5 iru t @ 4> ===> v/ zkhuhdv wkh }hurv ri mE+},m olh rxwvlgh wkh xqlw flufoh1
Xqghu vwdwlrqdulw| }A kdv d vshfwudo ghqvlw| pdwul{ i5+,1 Dowkrxjk {| lv qrq0vwdwlrqdu| wkh
h{shfwdwlrq ri wkh vdpsoh dxwrfryduldqfhv ri {| frqyhujhv wr wkh dxwrfryduldqfhv ri d vwdwlrqdu|
surfhvv zlwk vshfwudo ghqvlw| ixqfwlrq
i+, @
4
v
U+hb,i5+v,U+h
3b, +5154,
zkhuh U+u, lv d v4 yhfwru zlwk n0wk hohphqw u& +Wldr dqg Juxsh +4<;3,,1 Wkxv dv|pswrwlfdoo|
zh fdq xvh +BB, wr fodvvli| shulrglf surfhvvhv lq wkh vdph zd| dv qrq0shulrglf vhdvrqdo prghov1
<
6 VFOP SURFHVVHV
Wklv vhfwlrq ghvfulehv frpprqo| xvhg sdudphwulf prghov ri wkh fodvv f, ri vwrfkdvwlf vhdvrqdo
surfhvvhv lqwurgxfhg lq wkh suhylrxv vhfwlrq/ wkdw lv surfhvvhv zkrvh vshfwudo ghqvlw| vdwlvhv
+BB,1 Zh vd| wkdw vxfk surfhvvhv kdyh VFOP/ dqg xvlqj wkh qrwdwlrq lq Hqjoh hw do1 +4<;<, zh
ghqrwh wkhp e| L/+g, +lqwhjudwhg ri rughu g dw $,1
Wkrxjk +BB, lv d vhplsdudphwulf frqglwlrq/ rqo| lpsrvlqj nqrzohgjh ri i+, durxqg $/ lw lv
lqwhuhvwlqj wr ghvfuleh sdudphwulf surfhvvhv vdwlvi|lqj +BB,/ vshfli|lqj vkruw phpru| dv zhoo dv
orqj phpru| frpsrqhqwv ri {|/ iru h{dpsoh iru wkh sxusrvh ri Prqwh Fduor vlpxodwlrq1 Vrph
h{dpsohv kdyh ehhq lqwurgxfhg lq wkh suhylrxv vhfwlrq +h1j1 +BB, dqg +BB, ru +BB,,1 Lq fdvh ri
Jdxvvldqlw| lw vx!fhv wr vshfli| wkh phdq/ / dqg i+, iru doo  5 +> ‘/ ru htxlydohqwo| /
iru doo m1 Dxwrfryduldqfhv ri VFOP surfhvvhv kdyh d vorz ghfd| w|slfdo ri orqj phpru| dorqj
zlwk rvfloodwlrqv ghshqglqj rq wkh iuhtxhqf| $ vxfk wkdw/ iru g A 3/
S m m @4/ dowkrxjk wklv
lv frqvlvwhqw zlwk
S
 / dqg wkxv i+3,/ ehlqj qlwh1 Wkhvh revhuydwlrqv dsso| wr qrq0Jdxvvldq
+qlwh yduldqfh, vhulhv dv zhoo dv Jdxvvldq rqhv/ wkrxjk wkhuh uhpdlqv wkh srvvlelolw| wkdw {|
pd| qrw h{klelw orqj phpru| lq vhfrqg prphqwv exw lq vrph rwkhu zd| +iru h{dpsoh {2| frxog
kdyh orqj phpru|,/ dv eulh | glvfxvvhg lq Vhfwlrq :1
Wzr VFOP prghov kdyh ehhq vwuhvvhg lq wkh olwhudwxuh/ ehlqj qdwxudo h{whqvlrqv ri prghov
iru orqj phpru| dw }hur iuhtxhqf|/ qdpho| wkh iudfwlrqdo qrlvh dqg wkh iudfwlrqdo DULPD1
614 Vhdvrqdo Iudfwlrqdo Qrlvh
Wklv nlqg ri vwdwlrqdu| surfhvv lv fkdudfwhul}hg e| d vshfwudo ghqvlw|
i+, @ fm4 frv+v,m
"[
'3"
. 5v m
32En_ +614,
dqg odj0m dxwrfryduldqfh
 @
Y +{,
5
+mm
v
. 4m2_n  5mm
v
m2_n . mm
v
 4m2_n, +615,
zkhuh v lv wkh qxpehu ri revhuydwlrqv shu |hdu/ f lv d srvlwlyh frqvwdqw dqg g ? 4@5 +vhh Mrqdv
+4<;6,/ Fduolq dqg Ghpsvwhu +4<;<, ru Rrpv +4<<8,,1 Wkh vshfwuxp lq +BB, vdwlvhv +BB, iru
$ @ 5k@v/ k @ 3> 4> ===> ^v@5‘/ wkh  lq +BB, kdyh vorz dqg rvfloodwlqj ghfd| dv m $ 4/ dqg li
g A 3 wkh| duh qrw devroxwho| vxppdeoh1 Wklv nlqg ri surfhvv jhqhudol}hv wkh iudfwlrqdo qrlvh
ghvfulehg e| Pdqghoeurw dqg Ydq Qhvv +4<9;,/ fkdudfwhul}hg e| +BB, ru +BB, zlwk v @ 4/ dqg
kdylqj w|slfdo orqj phpru| ehkdylrxu dw iuhtxhqf| }hur1
615 VFOP lq wkh Er{0Mhqnlqv vhw0xs
Dqgho +4<;9,/ dqg odwhu dqg lq pruh ghswk Jud| hw do1 +4<;</4<<7,/ dqdo|vhg wkh vr0fdoohg
Jhjhqedxhu surfhvv
+4 5O frv$ . O2,_{| @ x| +616,
43
zkhuh x| kdv srvlwlyh dqg frqwlqxrxv vshfwuxp/ i+,/ dqg g fdq eh dq| uhdo qxpehu1 Iru
h{dpsoh zkhq x| lv d vwdwlrqdu| dqg lqyhuwleoh DUPD+s/t, +BB, lv fdoohg JDUPD +Jhjhqedxhu
DUPD,1 Wkh vshfwudo ghqvlw| ri {| lq +BB, lv
i+, @ +5+frv$  frv,,32_i+, +617,
dqg vdwlvhv +BB,/ vr {| kdv VFOP dw iuhtxhqf| $ iru mgm ? 4@5 zkhq $ 9@ 3> 1 Zkhq $ @ 3 dqg
x| lv dq DUPD+s> t,/ wkhq +BB, lv wkh iudfwlrqdo DULPD+s> 5g> t,/ +4O,2_{| @ x|/ vr wkdw {|
lv vwdwlrqdu| li g ? 4@7 dqg lqyhuwleoh zkhq g A 4@71 Li $ @ / {| lv vwdwlrqdu| li g ? 4@7 dqg
lqyhuwleoh zkhq g A 4@71 Zkhq x| lv llg+3> 2,/ dqg g ? 4@5/ wkh dxwrfryduldqfhv ri {| duh
 @
2
5
s

+4 5g,+5 vlq$,232_^S 2_3

2
3 
2
+frv$, . +4,S 2_3

2
3 
2
+ frv$,‘ +618,
zkhuh S K@+}, duh dvvrfldwhg Ohjhqguh ixqfwlrqv +Fkxqj+4<<9d,,1 Wkh dv|pswrwlf ehkdylrxu ri
 lq +BB, lv
  N frv+m$,m2_3 dv m $4 +619,
zkhuh N lv d qlwh frqvwdqw wkdw ghshqgv rq g exw qrw rq m +vhh Jud| hw do1 +4<;<, ru Fkxqj
+4<<9d,,/ vr  kdv wkh vorz dqg rvfloodwlqj ghfd| w|slfdo ri VFOP1
Krvnlqj +4<;7,/ Sruwhu0Kxgdn +4<<3, dqg Ud| +4<<6, dprqj rwkhuv/ sursrvhg xvh ri wkh
iudfwlrqdo vhdvrqdo glhuhqfh rshudwru/ +4Or,_/ zkhuh g fdq eh dq| uhdo qxpehu1 Sruwhu0Kxgdn
+4<<3, xvhg wkh rshudwru +4O2,_ lq prqwko| prqhwdu| XVD djjuhjdwhv dqg Ud| +4<<6, xvhg
+4  O,_+4  O2,_2 iru prqwko| LEP uhyhqxh gdwd1 Qrwh wkdw iru hyhq v/ +4  Or,_ fdq eh
ghfrpsrvhg lqwr wkh surgxfw ri rshudwruv ri w|sh +4 5O frv$ . O2,_1 Iru lqvwdqfh li v @ 7/
+4 Oe,_ @ +4 5O frv$f . O2,_2 +4 5O frv$ . O2,_+4 5O frv$2 . O2, _2 +61:,
iru $f @ 3/ $ @ @5 dqg $2 @ 1 Wkxv {| lq +4 Oe,_{| @ x| lv Lf+g,/ LZ
2
+g, dqg LZ+g,1
Lq rughu wr doorz iru glhuhqw shuvlvwhqfh sdudphwhuv dfurvv glhuhqw iuhtxhqflhv/ Fkdq dqg
Whuulq +4<<8,/ Fkdq dqg Zhl +4<;;,/ Jludlwlv dqg Ohlsxv +4<<8, dqg Urelqvrq +4<<7d, xvhg wkh
prgho
+4 O,_fi
3\
'
+4 5O frv$ . O2,_j+4 . O,_{| @ x| +61;,
zkhuh wkh $ fdq eh dq| iuhtxhqflhv ehwzhhq 3 dqg  dqg x| kdv frqwlqxrxv dqg srvlwlyh
vshfwuxp1 Wkxv {| lq +BB, lv L/+g, iru m @ 3> 4> 5> ===> k/ zkhuh $f @ 3 dqg $ @ 1 Zkhq x|
lv d vwdwlrqdu| dqg lqyhuwleoh DUPD/ Jludlwlv dqg Ohlsxv +4<<8, xvhg wkh whuplqrorj| DUXPD
iru vxfk {|1 Zkhq mg m ? 4@5 iru m @ 3> 4> ===> k/ +BB, fdq eh h{suhvvhg dv
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'f
{|3 @ x|
ru
{| @
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zkhuh f @ #f @ 4 dqg
 @
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E3_3
&3
+3,F
E3_*2
&
+, +61<,
iru m @ 4> ===/ zkhuh  @ frv$/ l @ 3> 4> ===> k/ dqgF
E_
& +{, duh ruwkrjrqdo Jhjhqedxhu sro|qrpldov1
Vlploduo| # lv +BB, zlwk gf> ===> g lqvwhdg ri gf> ===>g +vhh Jludlwlv dqg Ohlsxv +4<<8,,1 Wkh
zhljkwv  lq +BB, kdyh wkh dv|pswrwlf ehkdylrxu
  N^m33_f . +4,m33_ .
3[
&'
m3_&3+frv+$&m, . y&,‘ +6143,
zkhuh N lv d qlwh frqvwdqw dqg y& lv d frqvwdqw ghshqglqj rq gf> ===> g dqg $&1 Vlploduo| wkh
# ehkdyh dv|pswrwlfdoo| dv +BB, zlwk gf> ===> g lqvwhdg ri gf> ===>g1
Wkh frpsolfdwhg irup ri +BB, lpshghv fdofxodwlrq ri h{solflw irupxodh iru dxwrfryduldqfhv/
zklfk kdyh rqo| ehhq rewdlqhg iru wkh Jhjhqedxhu surfhvv lq +BB, +vhh +BB,,1 Li wkhuh lv pruh
wkdq rqh vshfwudo sroh2}hur/ rqo| dv|pswrwlf ehkdylrxu kdv ehhq hvwdeolvkhg1 Jludlwlv dqg Ohlsxv
+4<<8, vkrzhg wkdw wkh dxwrfryduldqfhv ri +BB, vdwlvi|
  N
[
&'f
m2_&3 frv+m$&, dv m $4=
Wkxv  / # dqg  kdyh vorz ghfd| zlwk rvfloodwlrqv ghshqglqj rq wkh glhuhqw $&1 Hyhqwxdoo|
lw lv wkh odujhvw shuvlvwhqfh sdudphwhu zklfk jryhuqv wkh ehkdylrxu ri / # dqg 1
Wkh prgho +BB, doorzv iru vshfwudo srohv2}hurv dw dq| iuhtxhqf| $ 5 ^3> ‘1 Rqh sduwlfxodu
fdvh rffxuv zkhq $ duh vhdvrqdo iuhtxhqflhv/ $ @ 5m@v/ m @ 4> 5> ===> ^v@5‘1 Wkhq +BB, kdv
ehhq fdoohg  h{leoh DUILVPD +Kdvvohu +4<<7,, ru  h{leoh +vhdvrqdo, DUPD+s> g> t,r +Rrpv
+4<<8,,1
7 HVWLPDWLRQ LQ VFOP SURFHVVHV
Kxuvw +4<84, lqwurgxfhg wkh uhvfdohg udqjh vwdwlvwlf +U@V, wr phdvxuh orqj phpru| lq wkh  rzv
ri wkh ulyhu Qloh/ dqg U@V kdv ehhq dqdo|vhg/ dssolhg dqg h{whqghg e| d qxpehu ri vxevhtxhqw
dxwkruv1 Krzhyhu U@V grhv qrw h{whqg uhdglo| wr wkh VFOP frqwh{w/ vr zh h{soruh dowhuqdwlyh
dssurdfkhv1
Vwdwlvwlfdo lqihuhqfh lq orqj phpru| surfhvvhv fdq eh sdudphwulf ru vhplsdudphwulf1 Sdudphwulf
phwkrgv duh jhqhudoo| pruh h!flhqw li wkh| duh edvhg rq d fruuhfw dqg frpsohwh vshflfdwlrq
ri i+,/ exw hyhq hvwlpdwhv ri wkh shuvlvwhqfh sdudphwhu/ g lq +BB,/ fdq eh lqfrqvlvwhqw li i+,
lv plvvshflhg dw iuhtxhqflhv idu iurp $1 Vhplsdudphwulf whfkqltxhv/ wkdw rqo| dvvxph sduwldo
nqrzohgjh ri i+, durxqg d nqrzq iuhtxhqf| +olnh lq +BB,, duh ohvv h!flhqw exw jxdudqwhh
frqvlvwhqf| xqghu pxfk pruh jhqhudo flufxpvwdqfhv1
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714 Sdudphwulf Hvwlpdwlrq
Frqvlghu wkh fryduldqfh vwdwlrqdu| surfhvv/ {|/ vdwlvi|lqj
!+O,+{|  f, @ %| +714,
zkhuh
!+}, @ 4
"[
'
!}
 >
"[
'
!2 ?4 > +715,
f @ H{| dqg wkh %| kdyh }hur phdq dqg duh xqfruuhodwhg zlwk yduldqfh 2f/ iru doo w1 Doo
wkh vwdwlrqdu| dqg lqyhuwleoh surfhvvhv ghvfulehg lq suhylrxv vhfwlrqv fdq eh zulwwhq dv +BB,
vdwlvi|lqj +BB,1 Vxssrvh wkdw wkh ! dqg 2f/ dv zhoo dv f/ duh xqnqrzq/ exw zh nqrz d ixqfwlrq
!+}> , @ 4
"[
'
!+,}

zkhuh  lv d n  4 yhfwru vxfk wkdw wkhuh h{lvwv dq xqnqrzq f iru zklfk !+f, @ ! iru doo m/
dqg wkhuhiruh !+}> f, @ !+},1 Wkh vshfwudo ghqvlw| ri {| lv jlyhq e|
i+, @
2f
5
m!+hb,m32 >  ?    > +716,
dqg wkh odj0m dxwrfryduldqfh e|
 @
] Z
3Z
i+, frv+m,g=
Iru dq| dgplvvleoh  zh lqwurgxfh
+, @
4
5
] Z
3Z
k+> , frv+m,g>
k+}> , @ m!+h5> ,m32=
Lq wklv vhfwlrq zh frqvlghu vr0fdoohg Jdxvvldq hvwlpdwhv/ dowkrxjk Jdxvvldqlw| lv qrw uhtxluhg
wr dfklhyh jrrg dv|pswrwlf surshuwlhv1 Ghqrwh e| +, wkh q  q Wrhsolw} pdwul{ zlwk +l> m,0
wk hohphqw 3+,/ e| 4 wkh q  4 yhfwru ri rqhv dqg e| { wkh q  4 yhfwru ri revhuydwlrqv
+{> {2> ===> {?,
1 Iru
O@+> > 
2, @
4
5
orj 2 .
4
5
orj m+,m. 4
52
+{ 4,+,3+{ 4, +717,
ghqh
+a@> a@> a
2
@, @ duj plq
wc>cj2
O@+> > 
2,
zkhuh wkh plqlpl}dwlrq lv fduulhg rxw ryhu dq dssursuldwh vhw1 Lq fdvh wkh %| lq +BB, +dqg
wkhuhiruh {|, duh Jdxvvldq/ a@ lv d pd{lpxp olnholkrrg hvwlpdwh ri f1
Dv lq rwkhu rswlpl}dwlrq sureohpv lqwurgxfhg ehorz/ 2f dqg f fdq eh hvwlpdwhg lq forvhg
irup dqg wkh qrqolqhdu rswlpl}dwlrq fduulhg rxw rqo| zlwk uhvshfw wr 1 Xqghu uhjxodulw|
frqglwlrqv a@ lv frqvlvwhqw dqg
s
q+a@  f, _$ Q&+3>3, +718,
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zkhuh _$ phdqv frqyhujhqfh lq glvwulexwlrq/ Q&+> , lv d n0yduldwh qrupdo dqg
 @
4
7
] Z
3Z
C
C
orj k+> f,
C
C
orj k+> f,g= +719,
Vlqfh wkh ixqfwlrq k+}> , lv nqrzq/  fdq eh frqvlvwhqwo| hvwlpdwhg e|/ iru h{dpsoh/ vxevwlwxwlqj
f lq +BB, e| d frqvlvwhqw hvwlpdwh ri lw +h1j1 a@,1 Wkhvh dv|pswrwlf surshuwlhv gr qrw uho| rq
{| ehlqj Jdxvvldq/ wkrxjk xqghu Jdxvvldqlw| a@ lv dovr dv|pswrwlfdoo| h!flhqw1
Zh fdq dssur{lpdwh O@+> > 2, e|
OK+> > 
2, @
4
5
orj 2 .
4
52
?[
|'
%2| +> , +71:,
zkhuh %|+> , @ !+O> ,+{|  , dqg {| @ 3 iru w  31 Zh fdoo
+aK> aK> a
2
K , @ duj plq
wc>cj2
OK+> > 
2,
d +qrqolqhdu, ohdvw vtxduhv hvwlpdwh1 Xqghu uhjxodulw| frqglwlrqv/ aK kdv wkh vdph dv|pswrwlf
surshuwlhv dv a@1
Qh{w ghqh wkh fhqwhuhg shulrgrjudp
L?+>, @
4
5q
m
?[
|'
+{|  ,h|bm2= +71;,
Zklwwoh +4<86, sursrvhg wr dssur{lpdwh O@+> > 2, e|
OS+> > 
2, @
4
5
] Z
3Z

orj 2k+> , .
L?+>,
2k+> ,

g= +71<,
dqg wkh hvwlpdwhv
+aS> aS> a
2
S , @ duj plq
wc>cj2
OS+> > 
2,=
Xqghu uhjxodulw| frqglwlrqv/ aS kdv wkh vdph dv|pswrwlf surshuwlhv dv a@ dqg aK1
Ilqdoo| ghqh wkh +xqfhqwhuhg, shulrgrjudp
L?+, @
4
5q
m
?[
|'
{|h
|bm2= +7143,
Ghqh wkh Irxulhu ru kduprqlf iuhtxhqflhv  @ 5m@q/ dqg wkh glvfuhwh dssur{lpdwlrq wr
OS+> > 2, +vhh Kdqqdq +4<:6e,,
O_+> 
2, @
4
q
[

+
orj 2k+> , .
L?+,
2k+> ,
,
+7144,
zkhuh
S
 uxqv ryhu doo m @ 4> ===> q  4/ vxfk wkdw 3 ? k+ > , ? 4 iru doo dgplvvleoh 1 E|
rplwwlqj m @ 3 dqg q zh dyrlg wkh qhhg wr hvwlpdwh f1 Ohw
+a_> a
2
_, @ dujplq
wcj2
O_+> 
2,
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zkhuh wkh plqlpl}dwlrq lv ryhu d frpsdfw vxevhw ri U&n1 Wkhq a_ w|slfdoo| kdv wkh vdph
dv|pswrwlf surshuwlhv dv a@/ aK dqg aS ghvfulehg deryh1
Wkh uhodwlyh frpsxwdwlrqdo qhhgv ri a@/ aK/ aS dqg a_/ zklfk zh fdoo Jdxvvldq hvwlpdwhv/
ghshqg rq wkh sdudphwhul}dwlrq zh lpsrvh1 Lq jhqhudo/ aK lv pruh hdvlo| fdofxodwhg wkdq a@ vlqfh
lw dyrlgv wkh pdwul{ lqyhuvlrq lq +BB, dqg a_ pruh hdvlo| fdofxodwhg wkdq aKdqg a@ ehfdxvh k+> ,
lv w|slfdoo| ri vlpsohu irup wkdq %|+> , dqg +,1 Pruhryhu a_ pdnhv hvshfldoo| frqyhqlhqw xvh
ri wkh idvw Irxulhu wudqvirup1
Wkh deryh glvfxvvlrq kdv pdgh qr uhihuhqfh wr orqj phpru| ru VFOP prghov/ dqg lq idfw
a@/ aK/ aS dqg a_ dqg wkhlu dv|pswrwlf surshuwlhv zhuh ruljlqdoo| rewdlqhg iru vkruw phpru|
wlph vhulhv prghov vxfk dv vwdwlrqdu| dqg lqyhuwleoh DUPD*v +vhh iru h{dpsoh Zklwwoh +4<86,
ru Kdqqdq +4<:6e,,1 Krzhyhu wkh glvfxvvlrq dovr vhhpv uhohydqw wr VFOP prghov1 Lq idfw/
iru orqj phpru| prghov zlwk d vshfwudo sroh2}hur rqo| dw wkh ruljlq/ Ir{ dqg Wdttx +4<;9,/
Gdkokdxv +4<;<,/ Jludlwlv dqg Vxujdlolv +4<<3,/ Kh|gh dqg Jd| +4<<6, dqg Krvr|d +4<<:, surylgh
dv|pswrwlf surshuwlhv iru aS zklfk duh lghqwlfdo wr wkrvh hduolhu rewdlqhg iru vkruw phpru|
surfhvvhv +vhh h1j1 +BB,,1 Ol dqg PfOhrg +4<;9, dqg Vrzhoo +4<;9/ 4<<5, glvfxvv frpsxwdwlrqdo
dvshfwv ri a@ iru iudfwlrqdo DULPD surfhvvhv
+O,+4 O,_+{|  f, @ +O,%| +7145,
zkhuh wkh }hurv ri +}, dqg +}, olh rxwvlgh wkh xqlw flufoh1 aK iru lqyhuwleoh/ srvvleo| qrq0
vwdwlrqdu| iudfwlrqdo DULPD surfhvvhv kdv ehhq dqdo|vhg e| Ehudq +4<<8,1 Ehudq +4<<7e,
sursrvhg d prglhg yhuvlrq ri aK iru orqj phpru| surfhvvhv wkdw lv urexvw djdlqvw rxwolhuv1
Dv|pswrwlf wkhru| iru a_ kdv qrw ehhq frqvlghuhg h{solflwo| iru orqj phpru| prghov zlwk d
vshfwudo sroh dw }hur iuhtxhqf| exw lw fdq eh grqh e| dyrlglqj wkh vshfwudo vlqjxodulw| zlwk wkh
rplvvlrq ri iuhtxhqflhv forvh wr wkh ruljlq lq O_+> 2,1 Lq fdvh ri orqj phpru| dw iuhtxhqf| }hur
a_ kdv dq h{wud dgydqwdjh ryhu a@/ aK dqg aS/ ehfdxvh wkhvh duh dhfwhg e| a@/ aK dqg aS zklfk
frqyhujh pruh vorzo| wkdq
s
q +vhh Ylwdoh +4<:6,/ Dghqvwhgw +4<:7, dqg Vdpdury dqg Wdttx
+4<;;,,/ dv glvfxvvhg e| Fkhxqj dqg Glherog +4<<7, yld Prqwh Fduor dqdo|vlv1
Wkh glvfxvvlrq ri Jdxvvldq hvwlpdwhv dovr vhhpv uhohydqw wr VFOP prghov zlwk vshfwudo
srohv2}hurv dw nqrzq iuhtxhqflhv glhuhqw iurp }hur1 Frqvlghu
+O,
\
'f
+4 5O frv$ . O2,_+{|  f, @ +O,%| +7146,
zkhuh g A 3 iru doo m/ dqg g ? 4@5 li $ 9@ 3> / dqg g ? 4@7 li $ @ 3> / +}, dqg +}, kdyh
wkhlu urrwv rxwvlgh wkh xqlw flufoh dqg wkh %| duh dv ehiruh1 Lq wklv fdvh
k+> , @
+h
b,
+hb,

2 \
'f
+5+frv frv$,,32_
zkhuh  @ +> ===>R>> ===>^> gf> ===> g,1 Jludlwlv dqg Ohlsxv +4<<8, rewdlq frqvlvwhqf| ri aS
exw wkh| gr qrw hvwdeolvk wkh dv|pswrwlf glvwulexwlrq/ dowkrxjk d qrq0Jdxvvldq olplw glvwulexwlrq
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lv frqmhfwxuhg1 Iru yhfwru {| lq +BB, Krvr|d +4<<9/4<<:, frqvlghuhg d pxowlyduldwh h{whqvlrq ri
OS+> > 
2, dqg rewdlqhg dq dqdorjrxv uhvxow wr +BB,/ +BB,1
Iroorzlqj Ndvk|ds dqg Hrp +4<;;, zh fdq dovr surfhhg e| uhjuhvvlqj orj L?+, rq orjk+ > ,
ryhu m @ 4> ===> q  4/ wkrxjk wklv dssurdfk ohdgv wr ohvv h!flhqw wkdq Jdxvvldq hvwlpdwhv1 Lq
idfw Ud| +4<<6, xvhg wklv whfkqltxh wr hvwlpdwh g dqg g2 lq wkh VFOP surfhvv
!f+O,!+O
,!2+O
2,+4 O,_+4 O2,_2{| @ f+O,+O,2+O2,%| +7147,
zkhuh wkh %| duh zklwh qrlvh1 Ud| +4<<6, xvhg wkhvh hvwlpdwhv dv d uvw vwhs lq wkh hvwlpdwlrq
ri wkh frpsohwh prgho +BB, iru prqwko| LEP uhyhqxhv1
715 Vhplsdudphwulf Hvwlpdwlrq
Zkhq zh duh lqwhuhvwhg rqo| lq hvwlpdwlrq ri wkh shuvlvwhqfh sdudphwhu/ g lq +BB,/ zh rqo| qhhg
wr vshfli| i+, durxqg $ lq rughu wr rewdlq frqvlvwhqw hvwlpdwhv wkdw zh fdoo vhplsdudphwulf1
Wklv lv d fohdu dgydqwdjh zlwk uhvshfw wr sdudphwulf hvwlpdwhv wkdw qhhg d frpsohwh dqg fruuhfw
vshflfdwlrq ri i+, ryhu wkh zkroh edqg ri Q|tylvw iuhtxhqflhv iru frqvlvwhqf|/ wkrxjk lq wkh
hyhqw ri vxfk vshflfdwlrq wkh sdudphwulf hvwlpdwhv kdyh wkh frpshwlqj dgydqwdjh ri frqyhujlqj
idvwhu1
Gxh wr wkhlu vlpsolflw|/ shukdsv wkh prvw srsxodu vhplsdudphwulf surfhgxuhv duh yduldqwv
ri wkh orj0shulrgrjudp hvwlpdwh lqwurgxfhg e| Jhzhnh dqg Sruwhu0Kxgdn +4<;6,1 Frqvlghu
d ohdvw vtxduhv uhjuhvvlrq ri orj L?+$ . , rq 5 orj dqg dq lqwhufhsw/ zkhuh L?+, lv wkh
shulrgrjudp ghqhg lq +BB, dqg  @ 5m@q duh Irxulhu iuhtxhqflhv1 Wkh uhjuhvvlrq lv fduulhg
rxw iru m @ 4> ===>p/ zkhuh wkh edqgzlgwk p lv dq lqwhjhu ehwzhhq 4 dqg q@5 dqg lq sudfwlfh
lv pxfk ohvv wkdq q/ dqg iru dv|pswrwlf wkhru| vdwlvhv dw ohdvw
4
p
.
p
q
$ 3 dv q$4= +7148,
Wkh ruljlqdo yhuvlrq/ gxh wr Jhzhnh dqg Sruwhu0Kxgdn +4<;6,/ xvhv lqvwhdg ri 5 orj wkh
uhjuhvvru  orji7 vlq2+@5,j/ exw dv lqglfdwhg e| Urelqvrq +4<<8d,/ xvh ri wkh vlpsohu 5 orj/
zklfk fruuhvsrqgv pruh qdwxudoo| wr +BB,/ ohdgv wr htxlydohqw dv|pswrwlf surshuwlhv1 Wkhvh
dxwkruv dvvxphg $ @ 3/ zkhq/ ehfdxvh L?+, lv dq hyhq ixqfwlrq/ uhjuhvvlrq ri orj L?+, rq
5 orj m m iru m @ 	4> ==>	p lv htxlydohqw wr xvlqj iuhtxhqflhv iru m @ 4> ===>p1 Zkhq $ 9@ 3> /
L?+$ . , lv qrw qhfhvvdu| v|pphwulf derxw $ dqg lqirupdwlrq rq erwk vlghv ri wkh sroh2}hur
fdq pdnh d vxevwdqwldo glhuhqfh1 Wkxv d orj0shulrgrjudp hvwlpdwh iru vxfk $ lv
ag @ 4
5
S6
' y orj L?+$ . ,S6
' y
2

+7149,
zkhuh y @ orj mmm  6
S6
 orj o1 Zrun rq hvwlpdwlqj +BB, zlwk $ @ 3 vxjjhvwv wzr srvvleoh
prglfdwlrqv wr wklv vfkhph1 Gxh wr dqrpdorxv ehkdylrxu ri wkh shulrgrjudp yhu| forvh wr d
vshfwudo sroh2}hur +vhh Urelqvrq +4<<8d,/ Nxqvfk +4<;9, dqg Kxuylfk dqg Ehowudr +4<<6/4<<7,,/
Nxqvfk +4<;9, dqg Urelqvrq +4<<8d, wulpphg rxw vrph iuhtxhqflhv forvh wr $1 Wkh vhfrqg
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w|sh ri prglfdwlrq lv dq h!flhqf| lpsuryhphqw vxjjhvwhg e| Urelqvrq +4<<8d, dqg edvhg
rq srrolqj dgmdfhqw shulrgrjudp ruglqdwhv1 Lqfrusrudwlqj wkhvh wzr vxjjhvwlrqv zh kdyh wkh
hvwlpdwh
agEa @ 4
7
S
& y&^orj
aL/a& . orj L/a&‘S
& y
2
&
+714:,
zkhuh aL/a& @
Sa
' L?+$ . &n3a,/ L/a& @
Sa
' L?+$  &n3a,/ M lv d srvlwlyh lqwhjhu +wkh
srrolqj qxpehu, dqg
S
& lv d vxp ryhu n @ o.M> o.5M> ===>p1 Zkhq wkh srrolqj qxpehu/ M @ 4/
dqg wkh wulpplqj qxpehu/ o @ 3/ wkhq +BB, uhgxfhv wr +BB,1 Zkhq $ @ 3 Urelqvrq +4<<8d,
suryhg wkdw xqghu Jdxvvldqlw|
s
p+ agEa  g, _$ Q

3>
M#+M,
7

dv q$4
zkhuh #+}, @ gg5#+}, dqg #+}, lv wkh gljdppd ixqfwlrq ghqhg dv
g
g5 orj +}, zkhuh +}, lv
wkh Jdppd ixqfwlrq1 Wkh vdph dv|pswrwlfv iroorz iru $ 9@ 3 lq +BB, +vhh Duwhfkh +4<<;,,1 Iru
$ @ 3 Yhodvfr +4<<:f, uhod{hv wkh dvvxpswlrq ri Jdxvvldqlw| dqg rqo| lpsrvhv erxqgqhvv ri
wkh irxuwk prphqwv ri wkh %| lq +BB, wr rewdlq frqvlvwhqf| dqg dv|pswrwlf qrupdolw| +xvlqj
d vxlwdeo| wdshuhg shulrgrjudp, zlwk yduldqfh 6M#+M,@71 Qrwh wkdw wdshulqj lqfuhdvhv wkh
yduldqfh1 Vwloo iru $ @ 3/ dqg dvvxplqj Jdxvvldqlw|/ Yhodvfr +4<<:d, suryhv frqvlvwhqf| ri agEa
iru wkh qrq0vwdwlrqdu| fdvh g 5 ^4@5> 4, dqg dovr vkrzv wkdw agEa lv dv|pswrwlfdoo| qrupdo zlwk
yduldqfh M#+M,@7 iru wkh qrq0wdshuhg hvwlpdwh li g 5 ^4@5> 6@7,/ dqg 6M#+M,@7 iru g 5 ^4@5> 6@5,
lq wkh wdshuhg fdvh1 Wkh jrrg surshuwlhv lq qlwh vdpsohv ri agE iru g 5 ^4@5> 4, duh vkrzq lq
Kxuylfk dqg Ud| +4<<8,1 Wkhvh uhvxowv vhhp wr h{whqg vwudljkwiruzdugo| wr wkh fdvh $ 9@ 31
Uhodwhg zlwk wkh sdudphwulf Jdxvvldq hvwlpdwhv ghvfulehg lq wkh suhylrxv vhfwlrq/ Nxqvfk
+4<;:, dqg Urelqvrq +4<<8e, frqvlghuhg d vhplsdudphwulf dssur{lpdwlrq ri O_+> 2, lq +BB,1
Wkh hvwlpdwh/ g/ lv wkh dujxphqw wkdw plqlpl}hv
T+F> g, @
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zkhuh p vdwlvhv dw ohdvw +BB,1 Wkh hvwlpdwh g kdv ehhq fdoohg wkh Jdxvvldq vhplsdudphwulf
ru orfdo Zklwwoh hvwlpdwh1 Zkhq $ @ 3 rqo| iuhtxhqflhv rq rqh vlgh ri $ duh xvhg/ gxh wr wkh
v|pphwu| ri L?+, dw wkh ruljlq1 Zlwkrxw uhtxlulqj Jdxvvldqlw|/ Urelqvrq +4<<8e, rewdlqhg
frqvlvwhqf| dqg dv|pswrwlf qrupdolw| iru wkh fdvh $ @ 3 vxfk wkdw
s
p+ g g, _$ Q+3> 4@7,=
Qrwh wkdw g lv dv|pswrwlfdoo| pruh h!flhqw wkdq agEa ehfdxvh M#+M, & 4 dv M $41 Wkh vdph
dv|pswrwlfv krog iru $ 9@ 3 +vhh Duwhfkh +4<<;,,1 Yhodvfr +4<<:e, h{whqghg Urelqvrq*v uhvxowv wr
qrq0vwdwlrqdu| surfhvvhv rewdlqlqj frqvlvwhqf| iru g 5 ^4@5> 4, dqg dv|pswrwlf qrupdolw| zkhq
g 5 ^4@5> 5@6, +g 5 ^4@5> 6@7, xqghu Jdxvvldqlw|,1 D pxowlyduldwh h{whqvlrq ri wklv hvwlpdwru lv
vwxglhg e| Oredwr +4<<8,1
4:
Urelqvrq +4<<7e, sursrvhg dq dowhuqdwlyh whfkqltxh wr hvwlpdwh g lq fdvh
i+$ . ,  O

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mm32_ dv $ 3 +714<,
zkhuh O+}, lv d vorzo| ydu|lqj ixqfwlrq/ wkdw lv d srvlwlyh phdvxudeoh ixqfwlrq vdwlvi|lqj
O+w},
O+},
$ 4 dv } $4 iru doo w A 3=
Qrwh wkdw +BB, vshfldol}hv wr +BB, zkhqO+}, lv d frqvwdqw1 Wkh sursrvhg dyhudjhg shulrgrjudp
hvwlpdwh lv
ag^6/ @
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dqg t 5 +3> 4, lv d xvhu fkrvhq qxpehu dqg p djdlq vdwlvhv dw ohdvw +BB,1 Zlwk rqo| vhfrqg
prphqw uhvwulfwlrqv dqg zlwkrxw uhtxlulqj Jdxvvldqlw|/ Urelqvrq +4<<7e, vkrzhg wkh frqvlvwhqf|
ri ag^6/ iru $ @ 31 Dvvxplqj Jdxvvldqlw|/ Oredwr dqg Urelqvrq +4<<9d, rewdlqhg wkh dv|pswrwlf
glvwulexwlrq ri ag^6/ iru $ @ 31 Wklv lv qrupdo iru g 5 +3> 4@7, dqg qrq0qrupdo +uhodwhg wr
Urvvhqeodww surfhvvhv, iru g 5 +4@7> 4@5,1 Wkh vdph surshuwlhv duh olnho| wr krog iru $ 9@ 31
Mdqdfhn +4<;5, lqwurgxfhg dq dowhuqdwlyh phwkrg wr hvwlpdwh g wkurxjk hvwlpdwlrq ri wkh
Irxulhu frh!flhqwv ri orj i+, xvlqj wkh orj0shulrgrjudp1 Dowkrxjk ruljlqdoo| wklv hvwlpdwh zdv
sursrvhg iru orqj phpru| dw iuhtxhqf| }hur/ Mdqdfhn fodlphg wkdw wklv phwkrg fdq eh qdwxudoo|
h{whqghg wr VFOP wlph vhulhv1
D qxpehu ri rwkhu vhplsdudphwulf hvwlpdwhv kdyh ehhq sursrvhg iru wkh $ @ 3 fdvh wkdw
vhhp fdsdeoh ri h{whqglqj wr jhqhudo $/ vxfk dv wkh wlph grpdlq rqhv ri Urelqvrq +4<<7f,/ dqg
wkh rqh ri Sdu}hq +4<;9, dqg Klgdojr dqg \dmlpd +4<<9, wkdw dfklhyhv dq h!flhqf| lpsuryhphqw
ryhu wkh hvwlpdwhv ghvfulehg deryh1
8 WHVWLQJ VHDVRQDO2F\FOLFDO LQWHJUDWLRQ DQG
FRLQWHJUDWLRQ
Wkh fkdudfwhulvwlfv ri wkh surfhvv jhqhudwlqj wkh vhulhv ghshqg vwurqjo| rq wkh ydoxh ri wkh
shuvlvwhqfh sdudphwhu/ g1 Lq sduwlfxodu/ g ghwhuplqhv li wkh surfhvv kdv orqj phpru| +vwdwlrqdu|
ru qrq0vwdwlrqdu|,/ vkruw phpru| ru qhjdwlyh phpru| +lqyhuwleoh ru qrq0lqyhuwleoh,1 Vrph
lqwhuhvwlqj vlwxdwlrqv wkdw pd| uhtxluh d uljrurxv whvw duh
d, g @ 3 +vkruw phpru|, djdlqvw g A 3 +orqj phpru|, ru g ? 3 +qhjdwlyh phpru|,/
e, g @ 4@5 +mxvw qrq0vwdwlrqdulw|, djdlqvw g A 4@5 +qrq0vwdwlrqdulw|, ru g ? 4@5 +vwdwlrqdulw|,/
f, g @ 4@5 +mxvw qrq0lqyhuwlelolw|, djdlqvw g A 4@5 +lqyhuwlelolw|, ru g ? 4@5 +qrq0
lqyhuwlelolw|,1
4;
Wkh k|srwkhvhv lqyroyhg lq d, fdq eh whvwhg xvlqj vlpsoh w whvwv edvhg rq wkh hvwlpdwhv dqg
wkhlu dv|pswrwlf glvwulexwlrqv ghvfulehg lq Vhfwlrq 7 ru e| Odjudqjh Pxowlsolhu whvwv dv wkrvh
sursrvhg lq wkh sdudphwulf fdvh e| Urelqvrq +4<<7d, ru lq d vhplsdudphwulf vhwwlqj e| Oredwr
dqg Urelqvrq +4<<9e,1 w0whvwv rq e, dqg f, fdq eh fduulhg rxw xvlqj wkrvh hvwlpdwhv zkrvh
dv|pswrwlf surshuwlhv krog iru qrq0vwdwlrqdu| ru qrq0lqyhuwleoh surfhvvhv1
Wudglwlrqdoo|/ lqwhuhvw kdv irfxvhg rq whvwlqj wkh srvvlelolw| ri xqlw urrwv zkhuh g lq +BB, lv
dq lqwhjhu1 Vrph hduo| zrun lv gxh wr Glfnh|/ Kdv}d dqg Ixoohu +4<;7, zkr whvw wkh srvvlelolw|
ri d vhdvrqdo xqlw urrw ri wkh irup
+4Or,{| @ %| w @ 4> 5> ===
zkhuh wkh %| duh llg +3/2, udqgrp yduldeohv/ djdlqvw wkh dowhuqdwlyh
{| @ {|3r . %|
zlwk mm ? 41 Wkh| surylgh shufhqwlohv iru wkh sursrvhg whvw vwdwlvwlf1 Rqh ri wkh olplwdwlrqv
ri wklv surfhgxuh lv wkdw lw lv d mrlqw whvw iru xqlw urrwv dw wkh ruljlq dqg vhdvrqdo iuhtxhqflhv/
$ @ 5k@v/ k @ 4> 5> ===> ^v@5‘ +vhh +BB, iru wkh fdvh v @ 7,1 Ixuwkhupruh wkh dowhuqdwlyh lv d
vshflhg irup ri v0wk rughu dxwruhjuhvvlyh surfhvv1 K|oohehuj hw do1 +4<<3,/ xvlqj txduwhuo| gdwd/
h{whqghg wklv surfhgxuh doorzlqj iru dq lqglylgxdo whvw dw }hur dqg dw hyhu| vhdvrqdo iuhtxhqf|
wkdw lv urexvw wr ehkdylrxu dw rwkhu iuhtxhqflhv1 Vrph h{whqvlrqv ri wklv surfhgxuh wr prqwko|
gdwd duh Ehdxolhx dqg Plurq +4<<6, dqg Iudqvhv +4<<4,1 Wkh qxoo k|srwkhvlv lq hdfk fdvh lv sxuh
lqwhjudelolw| +L/+4,, dqg wkh dowhuqdwlyh lv sxuh vwdwlrqdulw| ru vkruw phpru| +L/+3,,1 Fdqryd
dqg Kdqvhq +4<<8, h{whqghg wkh whvw ri Nzldwnrzvn| hw do1 +4<<5, wr wkh vhdvrqdo fdvh/ whvwlqj
wkh qxoo ri vwdwlrqdulw| +L/+3,, djdlqvw wkh dowhuqdwlyh ri sxuh lqwhjudwlrq +L/+4,,1 Ehdulqj lq
plqg wkh surshuwlhv ri wkhvh wzr w|shv ri whvw/ wkdw edvlfdoo| glhu lq wkh vshflfdwlrq ri wkh
qxoo dqg dowhuqdwlyh/ wkh vlpxowdqhrxv xvh ri erwk surfhgxuhv kdv ehhq dgylvhg lq rughu wr whvw
iru sxuh lqwhjudelolw|1 Wkh vdph frqfoxvlrq ri erwk w|shv ri whvw +wkdw lv rqh uhmhfwv dqg wkh
rwkhu grhv qrw uhmhfw wkh qxoo, surylghv vwurqj hylghqfh lq idyrxu ri wkh uhvxow lpsolhg e| erwk
surfhgxuhv1 Li rqh whvw frqwudglfwv wkh rwkhu/ wkhq zh qhhg d pruh wkrurxjk dqdo|vlv1 Lq wklv
fdvh zh pd| kdyh iudfwlrqdo lqwhjudwlrq1
D jhqhudo whvw/ edvhg rq wkh sdudphwulf prgho +BB, dqg doorzlqj iru iudfwlrqdo dqg lqwhjhu
L/+g, dv qxoo dqg dowhuqdwlyh/ kdv ehhq sursrvhg e| Urelqvrq +4<<7d, dqg dssolhg wr txduwhuo|
pdfurhfrqrplf gdwd e| Jlo0Dodôd dqg Urelqvrq +4<<:,1 Vxssrvh
!+O,+{|  , @ x| w @ 4> 5> ===
{| @ 3 w  3
zkhuh x| lv d vkruw phpru| fryduldqfh vwdwlrqdu| vhtxhqfh zlwk }hur phdq/ dqg !+}, lv d
nqrzq ixqfwlrq1 Frqvlghu wkh ixqfwlrq !+}>&, zkhuh & lv d s0glphqvlrqdo yhfwru ri uhdo ydoxhg
sdudphwhuv vxfk wkdw !+}>&, @ !+}, li dqg rqo| li
Kf = & @ 3= +814,
4<
Wkh k|srwkhvhv ri sulqflsoh lqwhuhvw hqwdlo ! ri wkh irup
!+O>&, @ +4 O,_fnifi
3\
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zkhuh iru hdfk m/ & @ &, iru vrph o dqg iru hdfk o wkhuh lv dw ohdvw rqh m vxfk wkdw & @ &,1 Wkh
qxoo k|srwkhvlv lv wkdw wkh s4 yhfwru +s  k.4, & @ +&> &2> ===> &R, lv d yhfwru ri }hurv1 Wkxv
iudfwlrqdo vhdvrqdo dqg f|folfdo lqwhjudwlrq lv doorzhg lq wkh qxoo dqg dowhuqdwlyh lq frqwudvw zlwk
wkh irfxv rq whvwlqj iru d xqlw urrw djdlqvw dxwruhjuhvvlyh dowhuqdwlyhv lq pxfk ri wkh olwhudwxuh1
Wr dyrlg hvwlpdwlrq ri wkh shuvlvwhqfh sdudphwhuv/ Urelqvrq +4<<7d, xvhg d vfruh whvw dowkrxjk
xqgrxewhgo| wkh vdph dv|pswrwlf ehkdylrxu fdq eh h{shfwhg ri Zdog dqg olnholkrrg udwlr whvwv1
Zkhq x| lv zklwh qrlvh wkh sursrvhg whvw vwdwlvwlf lv
U @
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d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zkhuh 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 +,L+,/ L+, lv wkh shulrgrjudp ri x|
ghqhg lq +BB,/ +, @ Uhi YYi orj!+hb> 3,j dqg D @ 2?
S
 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+,
 zkhuh wkh sulphg vxp
lv ryhu  5 P @ i =  ?  ? > 95 +$,  > $, . ,> o @ 3> 4> ===> kj dqg $, duh wkh glvwlqfw
srohv ri +, rq +> ‘1 Dv|pswrwlfdoo| htxlydohqw h{suhvvlrqv iru d dqg D fdq eh irxqg lq
Urelqvrq +4<<7d,/ dv zhoo dv d wlph grpdlq whvw vwdwlvwlf1 Urelqvrq +4<<7d, dovr sursrvhg d
prglfdwlrq ri U wkdw doorzv iru sdudphwulf zhdn fruuhodwlrq lq x| vr orqj dv lwv vshfwuxp lv
erxqghg dqg erxqghg dzd| iurp }hur dqg ri nqrzq sdudphwulf irup1 Xqolnh wkh whfkqltxhv
hduolhu ghvfulehg wkhvh surfhgxuhv kdyh wkh dgydqwdjh ri ehlqj vwdqgdug lq wkh vhqvh wkdw wkh
whvw vwdwlvwlf kdv d "2R olplw glvwulexwlrq xqghu wkh qxoo dqg d olplwlqj qrq0fhqwudo "
2
R glvwulexwlrq
djdlqvw Slwpdq ru orfdo dowhuqdwlyhv/ dqg duh dv|pswrwlfdoo| orfdoo| prvw srzhuixo1
K|oohehuj hw do1 +4<<3, frqvlghuhg wkh srvvlelolw| ri vhdvrqdo frlqwhjudwlrq/ zklfk wkh| ghqhg
dv
D sdlu ri vhulhv hdfk ri zklfk duh lqwhjudwhg dw iuhtxhqf| $ duh vdlg wr eh frlqwhjudwhg
dw wkdw iuhtxhqf| li d olqhdu frpelqdwlrq ri wkh vhulhv lv qrw lqwhjudwhg dw $1
K|oohehuj hw do1 +4<<3, srlqwhg rxw wkdw lq fdvh ri vhyhudo vshfwudo srohv +dv iru h{dpsoh {|
lq +BB,, wkh surfhgxuh lq Hqjoh dqg Judqjhu +4<;:, wr whvw iru frlqwhjudwlrq dw }hur iuhtxhqf|
lv lqydolg/ vr wkdw sulru wr dq| whvw iru frlqwhjudwlrq zh kdyh wr owhu wkh gdwd lq vxfk d zd|
wkdw rqo| wkh sroh dw wkh iuhtxhqf| zkhuh zh vxvshfw wkh frlqwhjudwlrq rffxuv uhpdlqv1 Iru
lqvwdqfh/ li zh zdqw wr whvw iru frlqwhjudwlrq dw wkh ruljlq/ zh kdyh uvw wr uhpryh vhdvrqdo
urrwv/ iru h{dpsoh e| dsso|lqj wkh vhdvrqdo vxppdwlrq rshudwru/ V+O, @ +4 . O. === . Or3,/
wr wkh ruljlqdo vhulhv dqg wkhq shuiruplqj d vwdqgdug frlqwhjudwlrq whvw vxfk dv wkrvh glvfxvvhg
lq Hqjoh dqg Judqjhu +4<;:,1
Hqjoh dqg Judqjhu +4<;:, dqg K|oohehuj hw do1 +4<<3, frqvlghu rqo| wkh srvvlelolw| wkdw d
olqhdu frpelqdwlrq ri L/+4, surfhvvhv lv L/+3,1 Exw rxu ghqlwlrq ri VFOP ru L/+g, surfhvvhv
doorzv iru wkh srvvlelolw| ri iudfwlrqdo lqwhjudwlrq dqg frlqwhjudwlrq1 Lq wklv vhqvh Hqjoh hw do1
+4<;<, ghqh f|folfdo frlqwhjudwlrq lq wkh iroorzlqj pdqqhu/
53
D yhfwru ri vhulhv {|/ hdfk frpsrqhqw L/+g, +lqwhjudwhg ri rughu g dw iuhtxhqf| $,/
pd| eh vdlg wr eh frlqwhjudwhg dw wkdw iuhtxhqf| li wkhuh h{lvwv d yhfwru / vxfk wkdw
}/| @ 

/{| lv lqwhjudwhg ri orzhu rughu dw $1
Dv lq wkh ghqlwlrq ri VFOP/ wkh fdvh ri frlqwhjudwlrq dw hyhu| vhdvrqdo iuhtxhqf| lv nqrzq dv
vhdvrqdo frlqwhjudwlrq1
9 HVWLPDWLRQ RI WKH IUHTXHQF\ /
Prvw dqdo|vhv ri VFOP prghov dvvxph wkdw wkh iuhtxhqf| $ zkhuh wkh vshfwudo sroh rffxuv lv
nqrzq1 Ri frxuvh/ vhdvrqdo iuhtxhqflhv duh nqrzq/ exw lq f|folfdo wlph vhulhv/ $ pd| zhoo eh
xqnqrzq1
Wkh olwhudwxuh rq hvwlpdwlqj $ lq f|folfdo orqj phpru| lv ri uhfhqw gdwh dqg lw lv ri lqwhuhvw
wr frqvlghu uvw hduolhu zrun rq hvwlpdwlqj iuhtxhqf| lq dq dowhuqdwlyh prgho/ qdpho| wkh
ghwhuplqlvwlf shulrglf wlph vhulhv
{| @ f vlq$w. f frv$w. x| +914,
zkhuh x| lv vwdwlrqdu| zlwk phdq }hur dqg vshfwudo ghqvlw|/ i+,/ frqwlqxrxv dqg srvlwlyh dw
$1 Zklwwoh +4<85, irxqg wkdw wkh ohdvw vtxduhv hvwlpdwh ri $ lq +BB,/ a$/ lv wkh shulrgrjudp
pd{lpl}hu dqg kdv d yduldqfh R+q3,1 Zdonhu +4<:4, +iru x| zklwh qrlvh, dqg Kdqqdq +4<:4/
4<:6d, h{whqghg Zklwwoh*v zrun dqg/ zlwkrxw dvvxplqj Jdxvvldqlw|/ irxqg wkdw iru $ 9@ 3>  /
q*2+a$  $, _$ Q

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Lq fdvh $ @ 3> / Kdqqdq +4<:6d, vkrzhg wkdw wkhuh h{lvwv dq lqwhjhu ydoxhg udqgrp yduldeoh/
qf/ zlwk S +qf ? 4, @ 4 vxfk wkdw a$ @ $ iru q A qf/ vr wkdw a$ zloo eh htxdo wr wkh ydoxh
lw hvwlpdwhv iru d odujh hqrxjk vdpsoh vl}h1 Pdfnlvdfn dqg Srvnlww +4<;<, sursrvhg d glhuhqw
whfkqltxh edvhg rq wkh pd{lpl}dwlrq ri wkh wudqvihu ixqfwlrq fdofxodwhg e| wwlqj kljk rughu
dxwruhjuhvvlrqv wr {|1 Rqo|
s
q0frqvlvwhqf| iru $ 5 +3> , lv uljrurxvo| suryhg +dowkrxjk lw
lv fodlphg wkdw wkh yduldqfh ri wkh hvwlpdwh lv R+q3
D
2 , zkhq wkh rughu ri wkh dxwruhjuhvvlrq lv
R+q

2 ,,/ dqg wkhlu phwkrg lv frpsxwdwlrqdoo| lqwhqvlyh1 D glhuhqw dssurdfk kdv ehhq vxjjhvwhg
e| Txlqq dqg Ihuqdqghv +4<<4,1 Wkh whfkqltxh lv edvhg rq wwlqj DUPD+5/5, prghov lq dq
lwhudwlyh zd| dqg wkh| sursrvh d vlpsoh dojrulwkp wkdw frqyhujhv udslgo|1 Wkh vdph dv|pswrwlf
glvwulexwlrq/ +BB,/ dv wkh pd{lpl}hu ri wkh shulrgrjudp lv rewdlqhg1 D vlplodu surfhgxuh zlwk
wkh vdph dv|pswrwlf glvwulexwlrq lv ghvfulehg lq Wuxrqj0Ydq +4<<3,1
Lq +BB, rqo| rqh vlqxvrlgdo frpsrqhqw lv dvvxphg1 Krzhyhu d pxowlsoh qlwh qxpehu ri
frpsrqhqwv fdq ghvfuleh vhdvrqdo ru f|folfdo pryhphqw/
{| @
o[
'
i frv+$w, .  vlq+$w,j. x|= +916,
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Lq wklv frqwh{w hvwlpdwlrq ri u/ wkh qxpehu ri frvlqxvrlgv/ kdv ehhq wuhdwhg e| Txlqq +4<;<,/
Ndydolhulv dqg Kdqqdq +4<<7,/ Kdqqdq +4<<6, dqg Zdqj +4<<6, dprqj rwkhuv1 Hvwlpdwlrq ri
wkh $ kdv ehhq dqdo|vhg lq Fkhq +4<;;d/e,/ Zdonhu +4<:4, dqg Ndydolhulv dqg Kdqqdq +4<<7,1
Wkh hvwlpdwlrq ri $ lq f|folfdo orqj phpru| prghov pd| eh qhfhvvdu| wr ghwhuplqh wkh
shulrglflw| ri wkh f|foh dqg dv d uvw vwhs sulru wr hvwlpdwlrq ri uhpdlqlqj sdudphwhuv1 \dmlpd
+4<<8, frqvlghuhg wkh prgho
i+>$> , @ j+>$> ,m $m32_ $ 5 ^3> ‘ dqg 3 ? g ? 4@5> g 5  > +917,
zkhuh  lv d sdudphwhu yhfwru lqfoxglqj g/ dqg wkh ixqfwlrq j reh|v vrph uhjxodulw| frqglwlrqv/
vxfk wkdw wkh JDUPD surfhvv lv d vshfldo fdvh ri +BB,1 Wkh hvwlpdwh ri $ frqvlghuhg e| \dmlpd
lv wkh shulrgrjudp pd{lpl}hu1 Kh rewdlqv qk0frqvlvwhqf| xqghu Jdxvvldqlw| iru dq|  5 +3> 4,
dqg vkrzv wkdw wkh Zklwwoh hvwlpdwhv ri  rewdlqhg e| plqlpl}lqj
X?+a$> , @
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orj i+> a$> , .
L?+,
5i+> a$> ,

g +918,
duh
s
q0frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo1 \dmlpd grhv qrw surylgh dq| glvwulexwlrq wkhru|
iru klv hvwlpdwh ri $/ exw d qrq0qrupdo glvwulexwlrq lv frqmhfwxuhg1
Fkxqj +4<<9d/e, rewdlqhg dq hvwlpdwh ri  @ frv$ lq Jhjhqedxhu surfhvvhv/
!+O,+4 5O . O2,_+{|  , @ +o,%|
dqg fodlphg dv|pswrwlf surshuwlhv iru frqglwlrqdo vxp ri vtxduhv hvwlpdwhv +fi1 +BB,, lqfoxglqj
d olplw qrq0qrupdo glvwulexwlrq iru wkh hvwlpdwh ri $ exw d qrupdo olplw glvwulexwlrq iru wkh
hvwlpdwhv ri wkh uhpdlqlqj sdudphwhuv1
D mrlqw hvwlpdwlrq ri doo wkh iuhtxhqflhv $/ m @ 3> 4> ===> k/ dqg wkh uhvw ri orqj dqg vkruw
phpru| sdudphwhuv lq wkh prgho +BB, lv sursrvhg e| Jludlwlv dqg Ohlsxv +4<<8,1 Wkh| rewdlq
frqvlvwhqf| ri wkh Zklwwoh hvwlpdwhv rewdlqhg plqlpl}lqj X?+$> , ghqhg lq +BB,/ exw qr
dv|pswrwlf glvwulexwlrq1
Klgdojr +4<<:, sursrvhv dq dowhuqdwlyh vhplsdudphwulf whfkqltxh wr hvwlpdwh $ lq d surfhvv
vdwlvi|lqj +BB, zlwk g 5 +3> 4@5,1 Wkh hvwlpdwh a$M lv wkh dujxphqw wkdw pd{lpl}hv wkh hvwlpdwh
ri g sursrvhg e| Klgdojr dqg \dmlpd +4<<:,/
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
S  +o@s, Sn / f A 4 dqg aiR+,, lv d sduwlfxodu prylqj dyhudjh ri shulrgrjudp
ruglqdwhv dw iuhtxhqflhv forvh wr $1 Zlwkrxw dvvxplqj Jdxvvldqlw| Klgdojr +4<<:, vkrzv wkdw
qn3

2 +a$M  $,/ iru n $4 vxlwdeo| vorzo| zlwk q/ kdv d qrupdo olplw glvwulexwlrq1
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: FRQFOXVLRQ DQG H[WHQVLRQV
Wklv sdshu kdv glvfxvvhg prghoolqj dqg lqihuhqfh lq VFOP surfhvvhv kdylqj vshfwudo ghqvlw|
vdwlvi|lqj +BB,1 Wkh frpelqdwlrq ri vhdvrqdo ru f|folf ehkdylrxu dqg orqj phpru| fdq ohdg wr
vhyhudo h{whqvlrqv=
41 Wkh dxwruhjuhvvlyh frh!flhqwv  lq +BB, ri wkh VFOP prgho lq +BB, fdq eh xvhixo iru
iruhfdvwlqj1 Dowkrxjk rewdlqlqj FE
	_
& iurp d jlyhq hvwlpdwh ri g/ ag/ fdq eh grqh uhfxuvlyho|/
wkh dffxudwh jhqhudwlrq ri wkh *v jhwv pruh gl!fxow dv wkh qxpehu ri vshfwudo srohv dqg
wkh vdpsoh vl}h lqfuhdvh/ dqg ghvhuyhv dwwhqwlrq1
51 Wkh ghqlwlrq +BB, ri VFOP lpsrvhv dq dv|pswrwlfdoo| v|pphwulf ehkdylrxu lq i+,
durxqg $1 Qhyhuwkhohvv/ li $ 9@ 3/ i qhhg qrw dfwxdoo| eh v|pphwulf1 Zh fdq jhqhudol}h
iurp VFOP wr VFDOP +Vhdvrqdo F|folfdo Dv|pphwulf OrqjPhpru|, surfhvvhv e| ghqlqj
i+$ . ,  F32_
i+$  ,  F232_2 dv $ 3n +:14,
zkhuh F> g fdq eh glhuhqw iurp F2> g21 Wkhq +BB, lv d uhvwulfwlrq ri +BB, wkdw kdsshqv
zkhq F @ F2 @ F dqg g @ g2 @ g1 Glvfxvvlrq ri +BB, kdv ehjdq lq Duwhfkh +4<<;, dqg
Duwhfkh dqg Urelqvrq +4<<;,1
61 Vrph qdqfldo vhulhv vxfk dv dvvhw uhwxuqv dsshdu wr eh dssur{lpdwho| vhuldoo| xqfruuhodwhg1
Krzhyhu/ wkhuh duh qrqolqhdu wudqvirupdwlrqv/ vxfk dv vtxduhv/ wkdw fdq h{klelw dxwrfruuhodwlrq
dv prghoohg lq wkh h{whqvlyh DUFK dqg vwrfkdvwlf yrodwlolw| olwhudwxuh/ iroorzlqj Hqjoh
+4<;5, ru Wd|oru +4<;9/4<<7,1 Pruhryhu wkhuh lv hylghqfh ri orqj phpru| dxwrfruuhodwlrq
lq wkh vtxduhv ri vrph vhulhv1 Wkh uvw prgho wkdw fdxvhv wklv hhfw lv wkh jhqhudo JDUFK
surfhvv sursrvhg e| Urelqvrq +4<<4,/ zkr xvhv lw dv dq dowhuqdwlyh lq whvwlqj iru qr0DUFK1
Klv prgho lv vx!flhqwo| jhqhudo wr ghvfuleh VFOP ehkdylrxu lq wkh vtxduhv/ dv pd| eh
dssursuldwh lq qdqfldo gdwd1
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Iudfwlrqdo Qrlvhv dqg Dssolfdwlrqv1 VLDP uhylhz 43/ 755076:1
^9<‘ QHUORYH/P1 +4<97,1 Vshfwudo Dqdo|vlv ri Vhdvrqdo Dgmxvwphqw Surfhgxuhv1
Hfrqrphwulfd/Yro165/ Qr16/ 57405;91
^:3‘ RRPV/ P1 +4<<8,1 Ioh{leoh Vhdvrqdo Orqj0Phpru| dqg Hfrqrplf Wlph Vhulhv1 Suhsulqw1
^:4‘ RVERUQ/G1U1 +4<<4,1 Wkh Lpsolfdwlrqv ri Shulrglfdoo| Ydu|lqj Frh!flhqwv iru Vhdvrqdo
Wlph Vhulhv Surfhvvhv1 Mrxuqdo ri Hfrqrphwulfv/ 7;= 6:606;71
^:5‘ SDU]HQ/ H1 +4<;9,1 Txdqwloh Vshfwudo Dqdo|vlv dqg Orqj0Phpru| Wlph Vhulhv1 Mrxuqdo
ri Dssolhg Suredelolw|/ 56D/ 740871
^:6‘ SRUWHU0KXGDN/ V1 +4<<3,1 Dq Dssolfdwlrq ri Vhdvrqdo Iudfwlrqdoo| Glhuhqfhg Prgho wr
wkh Prqhwdu| Djjuhjdwhv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Yro1;8/ Qr1743/
66;06771
^:7‘ TXLQQ/ E1J1 +4<;<,1 Hvwlpdwlqj wkh Qxpehu ri Whupv lq d Vlqxvrlgdo Uhjuhvvlrq1 Mrxuqdo
ri Wlph Vhulhv Dqdo|vlv/ Yro143/ Qr14/ :40:81
5;
^:8‘ TXLQQ/ E1J1 dqg IHUQDQGHV/ M1P1 +4<<4,1 D Idvw H!flhqw Whfkqltxh iru wkh
Hvwlpdwlrq ri Iuhtxhqf|1 Elrphwulnd/ :;/ 6/ 7;<0<:1
^:9‘ UD\/ E1N1 +4<<6,1 Orqj0Udqjh Iruhfdvwlqj ri LEP Surgxfw Uhyhqxhv Xvlqj d Vhdvrqdo
Iudfwlrqdoo| Glhuhqfhg DUPD Prgho1 Lqwhuqdwlrqdo Mrxuqdo ri Iruhfdvwlqj </ 588059<1
^::‘ URELQVRQ/ S1P1 +4<<4,1 Whvwlqj iru Vwurqj Vhuldo Fruuhodwlrq dqg G|qdplf Frqglwlrqdo
Khwhurvnhgdvwlflw| lq Pxowlsoh Uhjuhvvlrq1 Mrxuqdo ri Hfrqrphwulfv/ 7:/ 9:0;71
^:;‘ URELQVRQ/ S1P1 +4<<7d,1 H!flhqw Whvwv ri Qrq0Vwdwlrqdu| K|srwkhvlv1 Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;<= 47530476:1
^:<‘ URELQVRQ/ S1P1 +4<<7e,1 Vhplsdudphwulf Dqdo|vlv ri Orqj0Phpru| Wlph Vhulhv1 Wkh
Dqqdov ri Vwdwlvwlfv/ Yro155/ 848086<1
^;3‘ URELQVRQ/ S1P1 +4<<7f,1 Wlph Vhulhv zlwk Vwurqj Ghshqghqfh1 Dgydqfhv lq
Hfrqrphwulfv/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Yro14/ 7:0<81
^;4‘ URELQVRQ/ S1P1 +4<<8d,1 Orj0Shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv zlwk Orqj0Udqjh
Ghshqghqfh1 Wkh Dqqdov ri Vwdwlvwlfv/ Yro156/ Qr16/ 437;043:51
^;5‘ URELQVRQ/ S1P1 +4<<8e,1 Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Orqj0Udqjh
Ghshqghqfh1 Wkh Dqqdov ri Vwdwlvwlfv/ Yro156/ Qr18/ 4963049941
^;6‘ VDPDURY/ D1 dqg WDTTX/P1 +4<;;,1 Rq wkh H!flhqf| ri wkh Vdpsoh Phdq lq Orqj
Phpru| Qrlvh1 Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ Yro1</ Qr15/ 4<405331
^;7‘ VKLVNLQ/ M1/ \RXQJ/ D1K1 dqg PXVJUDYH/ M1F1 +4<9:,1 Wkh [044 Yduldqw ri wkh Fhqvxv
Phwkrg LL Vhdvrqdo Dgmxvwphqw Surjudp1 Whfkqlfdo Sdshu qr1 48/ Zdvklqjwrq GF= Exuhdx
ri wkh Fhqvxv/ XV Ghsduwphqw ri Frpphufh1
^;8‘ VRZHOO/ I1 +4<;9,1 Iudfwlrqdoo| Lqwhjudwhg Yhfwru Wlph Vhulhv1 Sk1G1 glvvhuwdwlrq/ Gxnh
Xqlyhuvlw|/ Gxukdp/ Q1F1
^;9‘ VRZHOO/ I1 +4<<5,1 Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Vwdwlrqdu| Xqlyduldwh Iudfwlrqdoo|
Lqwhjudwhg Wlph Vhulhv Prghov1 Mrxuqdo ri Hfrqrphwulfv 86/ 43804;;1
^;:‘ WD\ORU/ V1M1 +4<;9,1 Prghoolqj Ilqdqfldo Wlph Vhulhv1 Zloh| ) Vrqv1
^;;‘ WD\ORU/ V1M1 +4<<7,1 Prghoolqj Vwrfkdvwlf Yrodwlolw|= D Uhylhz dqg Frpsdudwlyh Vwxg|1
Pdwkhpdwlfdo Ilqdqfh/ Yro17/ Qr15/ 4;605371
^;<‘ WLDR/ J1F1 dqg JUXSH/ P1U1 +4<;3,1 Klgghq Shulrglf Dxwruhjuhvvlyh0Prylqj Dyhudjh
Prghov lq Wlph Vhulhv Gdwd1 Elrphwulnd/ 9:/ 5/ 69806:61
^<3‘ WURXWPDQ/ E1P1 +4<:<,1 Vrph Uhvxowv lq Shulrglf Dxwruhjuhvvlrq1 Elrphwulnd/ 99/ 5/
54<055;1
5<
^<4‘ WUXRQJ0YDQ/ E1 +4<<3,1 D Qhz Dssurdfk wr Iuhtxhqf| Dqdo|vlv zlwk Dpsolhg
Kduprqlfv1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 85/ Qr14/ 53605541
^<5‘ YHODVFR/ F1 +4<<:d,1 Qrq0Vwdwlrqdu| Orj0Shulrgrjudp Uhjuhvvlrq1 Suhsulqw1
^<6‘ YHODVFR/ F1 +4<<:e,1 Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Qrq0vwdwlrqdu| Wlph
Vhulhv1 Suhsulqw1
^<7‘ YHODVFR/ F1 +4<<:f,1 Qrq0Jdxvvldq Orj0Shulrgrjudp Uhjuhvvlrq1 Suhsulqw1
^<8‘ YLWDOH/ U1D1 +4<:6,1 Dq Dv|pswrwlfdoo| H!flhqw Hvwlpdwh lq Wlph Vhulhv Dqdo|vlv1
Txduwhuo| Dssolhg Pdwkhpdwlfv/ [[[/ 75407731
^<9‘ ZDONHU/ D1P1 +4<:4,1 Rq wkh Hvwlpdwlrq ri d Kduprqlf Frpsrqhqw lq d Wlph Vhulhv
zlwk Vwdwlrqdu| Lqghshqghqw Uhvlgxdov1 Elrphwulnd/ 8;/ 4/ 540691
^<:‘ ZDQJ/ [1 +4<<6,1 Dq DLF W|sh Hvwlpdwru iru wkh Qxpehu ri Frvlqxvrlgv1 Mrxuqdo ri
Wlph Vhulhv Dqdo|vlv/ 47/ 76407731
^<;‘ ZKLWWOH/ S1 +4<85,1 Wkh Vlpxowdqhrxv Hvwlpdwlrq ri d Wlph Vhulhv Kduprqlf
Frpsrqhqwv dqg Fryduldqfh Vwuxfwxuh1 Wudedmrv gh Hvwdgðvwlfd/ 6/ 7608:1
^<<‘ ZKLWWOH/ S1 +4<86,1 Hvwlpdwlrq dqg Lqirupdwlrq lq Vwdwlrqdu| Wlph Vhulhv1 Dun1 Pdw1/
5= 75607671
^433‘ \DMLPD/ \1 +4<<8,1 Hvwlpdwlrq ri wkh Iuhtxhqf| ri Xqerxqghg Vshfwudo Ghqvlwlhv1
Suhsulqw1
^434‘ \RQJ/ F1K1 +4<:7,1 Dv|pswrwlf Ehkdylrxu ri Wuljrqrphwulf Vhulhv1 Fklqhvh Xqly1 Krqj
Nrqj1
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